Rubi 4.16.0.4 Integration Test Results

on the problems in the test-suite directory "1 Algebraic functions”

Test results for the 1917 problemsin "1.1.1.2 (a+b x)"m (c+d x)*n.m"

Problem 369: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
_ + dx

J 2(a+bx)3/2 Vva+bx

Optimal (type 3, 13 leaves, ? steps):
Xm

\a+bx
Result (type 5, 92 leaves, 5 steps):

x" (—b?x)fm Hyper‘geometr‘icZFl[—i, -m, %, 1+ b?x] 2mx" (7%)()7"' \Va+bx Hyper‘geometr‘icZFl[i, 1-m, 3, 1+ LX}

a

Va+bx a

m -1+m
b x m X

Test results for the 3201 problemsin "1.1.1.3 (a+b x)"m (c+d x)*n (e+f x)"p.m"

Problem 957: Result valid but suboptimal antiderivative.

J(ex)"‘ (a-bx)*" (a+bx)"dx

Optimal (type 5, 211 leaves, ? steps):
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b% x? 1+m 3+m b2 x?
El _n) B

(ex)1" (a-bx)™" (a+bx)™" 2a? (2+m+n) (ex)™" (a-bx)" (a+bx)" (1— > )m Hypergeometric2Fi | ; Pl
N _

e(3+m+2n) e(1+m) (3+m+2n)

2ab (ex)>™ (a-bx)" (a+bx)" (1— bzxz)fn Hypergeometr‘icZFl[Z;m, —n, ®m, bzxz]

a2 2 a?

ez (2+m)

Result (type 5, 238 leaves, 11 steps):

Hyper‘geometriczFl[lfm, _n, =0 bzxz]

a? (ex)¥" (a-bx)" (a+bx)" (1— %)_n

e (1+m)
b% x? 2+m 4+m bzxz]
aZ

=0 _n
2’ 2

2ab (ex)*" (a-bx)" (a+bx)" (1— Z)fn Hypergeometric2F1|

e? (2+m)

b? (ex)*™ (a-bx)" (a+bx)" (1— b;fz)fn Hyper‘geometr‘ic2F1[3;m, -n, Szm, bzxz]

e3 (3+m)

Problem 1001: Result unnecessarily involves higher level functions.

dx
2

j(lax)ln (1+ax)™"

X

Optimal (type 5, 106 leaves, 3 steps):

2a(1-ax)*" (1+ax) " Hypergeometric2F1[2, 1-n, 2-n, +2*]

1+ax

2"a (1—ax>1’n Hypergeometric2F1[1-n, -n, 2-n, i (1-ax)]

1-n 1-n

Result (type 6, 48 leaves, 1 step):
21"a (1+ax)*"AppellF1[2+n, -1+n, 2, 3+n, % (1+ax), 1+ax]

2+n

Problem 1006: Result valid but suboptimal antiderivative.

dx

J(abx>” (aerx)l*n

X

Optimal (type 5, 142 leaves, 6 steps):
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(a-bx)™" (a+bx)" @ (a-bx)™" (a+bx)"Hypergeometric2F1[1, n, 1+n, ﬁ} )
2n n

271" (1+2n) (a-bx) " (m)n (a+bx)1*n Hypergeometric2F1[n, 1+n, 2 +n, M}
a 2a

n(1+n)

Result (type 5, 173 leaves, 7 steps):

a(a-bx)™" (a+bx)"Hypergeometric2F1[1, -n, 1-n, *2*] 2"a (a-bx) ™" (a+bx)" (a*:x)fn Hypergeometric2fF1[-n, -n, 1-n, 22|

a+b x 2a

+
n n

2" (a-bx)™" (%)n (a+bx)"" Hypergeometric2F1[n, 1+n, 2+n, %}

1+n

Problem 1007: Result unnecessarily involves higher level functions.

dx

J(abx>" (a+bx)™"

X2

Optimal (type 5, 140 leaves, 5steps):
(a-bx)™" (a+bx)¥" b (1+2n) (a-bx)™" (a+bx)"Hypergeometric2F1[1, -n, 1-n, ﬁ]

— + —
X n

2"b (a-bx) " (a+bx)" (%)7n Hypergeometric2F1[-n, -n, 1-n, 2]

n

Result (type 6, 76 leaves, 2 steps):
2"b (a-bx)™" (ﬂ)n (a+bx)*" AppellF1[2+n, n, 2, 3+n, %, asbx ]

a

a2 (2+n)

Problem 2121: Result valid but suboptimal antiderivative.

J ! dx
(1-2x)*2(3+5x%)?
Optimal (type 3, 63 leaves, 4 steps):

6 1 6 5 5
- - —— [~ ArcTanh| [ — +/1-2x]
1214/1-2x  11V1-2x (3+5x) 121V 11 \ 11

Result (type 3, 70leaves, 4 steps):
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2 S BVIZ2X 8 O pectanh| |2 Viax]
11v1-2x (3+5x) 121 (3+5x) 121\ 11 11
Problem 2144: Result valid but suboptimal antiderivative.

3+5x
J dx
(1—2x>5/2 (2+3x)“

Optimal (type 3, 116 leaves, 7 steps):
160 160 1

+ +
3087 (1-2x)%% 2401+/1-2x 63 (1-2x)%(2+3x)°

160 | 2 ArcTanh[ |2 v/1-2x]
16 16 7 7

147(1-2x)3/2 (2+3x)2_147 (1—2x)3/2 (2+3x) 2401

Result (type 3, 130leaves, 7 steps):

160 3 ArcTanh | l% Vi-2x |

1 64 64 80+/1-2x 2401 -2 x
+ + - - -
63 (1-2x)%? (2+3.x)3 441 (1-2x)3/2 (2+3x)% 147/1-2x (2+3x)% 343 (2+3x)2 2401 (2 + 3 x| 2401

Problem 2145: Result valid but suboptimal antiderivative.

3+5Xx
J dx
(1—2x>5/2 (2+3x)5

Optimal (type 3, 136 leaves, 8steps):
215 1935 1 43

+ +
9604(1-2x)3/2 67228 /1-2x 84(1—2x)3/2(2+3x)4 588(1-2x)3/2(2+3x)3

1935 |2 ArcTanh| [2 v/1-2x |
129 129 ’ ’

2744 (1—2x>3/2 (2+3x)2 i 2744 (1—2x>3/2 (2+3x) 67228

Result (type 3, 150 leaves, 8 steps):
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1 43 387

+

.
84 (1-2x)¥% (2+3x)* 294 (1-2x)¥? (2+3x)® e86VI1-2x (2+3x)°

1935 |2 ArcTanh| |2 +/1-2x
387+ 1-2x 1935+/1-2x 5805+/1 -2 x 7 [ 7 ]

1372 (2+3x)°> 19208 (2+3x)? 134456 (2+3x) 67228

Problem 2196: Result valid but suboptimal antiderivative.

J L dx
(1-2x)°% (3+5x)°

Optimal (type 3, 96 leaves, 6 steps):

175 | 2 ArcTanh| [ > +/1-2x |
35 175 1 7 1 1

¥ -
3993<1_2X)3/2 14641 V1-2x 22(1—2x>3/2<3+5x)2 242(1—2x)3/2(3+5X) 14641

Result (type 3, 1101leaves, 6 steps):

175 | = ArcTanh| [ = 1-2x
2 70 875/1-2x 875/1-2x i oretan [ " x |
+ - - —_
33 <1_2X)3/2 (3+5X)2 363m<3+5x)2 7986 (3+5X>2 29282(3+5X) 14641

Problem 3075: Result valid but suboptimal antiderivative.

dx

(a+ bx)n1 (C +dx)717rn
J e+fx
Optimal (type 5, 72leaves, 1 step):

(a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, %ﬁﬁ]

(de-cf)m

Result (type 5, 75leaves, 1 step):

(a+bx)™" (c+dx) *"Hypergeometric2F1[1, 1+m, 2+m, %]

(be-af) (1+m)
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Problem 3077: Result valid but suboptimal antiderivative.

J(a+bx>m (c+dx)’1’m i
(e+1“x)3

Optimal (type 5, 283 leaves, 4 steps):
flarbx)"" (cedx)™ f(b(3de-cf(1-m))-adf (2+m)) (a+bx)"" (c+dx)™"
2(be-af)?(de-cf)? (e+fx)

+

2 (be-af) (de-cf) (e+fx)?

((2abdf(1+m) (2de+cfm) -b* (2d*e*+4cdefm-c*>f* (1-m)m) -a*d* (2+3m+m2))

(be-af) (c+dx) i 3
(de-cf) (a+bx)}J/(2<bea'F) (de-cf) m)

(a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m,

Result (type 5, 300 leaves, 4 steps):
f(adf (2+m)-b(2de+cfm)) (a+bx)1”" (c+dx)1’"'
2(bc-ad) (be-af) (de—c-F)zm(eercx)2 (bc-ad) (defcf)m(emcx)2

d(a+bx)™" (c+dx)™"

+

(2abdf(1+m) (2de+cfm) - b? (2d2e2+4cde1cm—c21‘:2 (1—m) m) - a%d? f? (2+3m+m2)) (a+bx)1”"

(de-cf) (a+bx)}J/(2 (befaf)3(de7cf)2m<1+m>)

(c erx)’l’m Hypergeometric2F1[2, 1+m, 2 +m,
(be-af) (c+dx)

Problem 3078: Result valid but suboptimal antiderivative.

J<a+bx>m <C+dx)_1_m dx
(e+-Fx)4

Optimal (type 5, 498 leaves, 5 steps):
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-F(a+bx)1”"(c+dx)’m _f(b (5de-cf(2-m))-adf (3+m)) (a+bx)1”“ (c+dx)’"'_
3(be-af) (de-cf) (e+1‘:x)3 6(be—a1c)2(de—cf)z(eﬂ‘:x)2

(F (a?d*f2 (6+5m+m?) ~abdf (de (15+8m) ~cf (3-2m-2m?)) +b® (11d*e’-cdef (7-8m) +c*f* (2-3m+m*))) <a+bx)1+m (c+dx)’m)/
(6 (be—af)3 (de-cf)? (e+fx)) +

((Babzdf (1+m) (6d2e2+6cde-Fm—c2-F2 (1—m) m> -3a’bd?f? (3de+c-Fm) (2+3m+m2) +atddf (6+11m+6m2+m3> -

b3(6d3e3+18cd2ezfm79c2def2(17m)m+c m (2 3m+m2)) (a+bx)

(be-af) (c+dx)
(de-cf) (a+bx) / (be-af) (de—cf)”’m)

(c +dx) "Hypergeometric2F1[1, -m, 1-m,

Result (type 5, 520 leaves, 5 steps):
f(adf(3+m)-b(3de+cfm)) (a+bx)1+m (c+dx)1'm d (a+bx)1+"' (c+dx)™

+ +

3(bc-ad) (be-af) (de-cf)?m(e+fx)> (bc-ad) (de-cf)m(e+fx)>

(-F (b? (6d*e?+7cdefm-c?f2 (2-m)m) +a’d*f? (6+5m+m?) —abdf (cfm (3+2m) +de (12+7m))) (a+bx)*" (c+dx)1'm)/
(6 bc-ad) (be-af)? (de—cf)3m(e+fx)2)+
(

( 3ab*df (1+m) (6d*e®*+6cdefm-c®>f> (1-mjm)-3a’bd*f* (3de+cfm) (2+3m+m?) +a>d>f> (6+11lm+6m*+m’) -
b3 <6d3e3+18cd2e215m—9c2de-F2 (1—m)m+c3f3m(2—3m+m2))> (a+bx>1”"

(de-cf) (a+bx) }J/ (6 <be7af)4 (defc-F>3m<1+m>)

(be-af) (c+dx)

(c+dx) “""Hypergeometric2F1[2, 1+m, 2 +m,

Problem 3084: Result valid but suboptimal antiderivative.

J(a+bx)m (c+dx)2m

e+ fx

dx

Optimal (type 5, 120 leaves, 2 steps):

q (a+bx)1+m (c+dx)'1'm ) f <a+bx)'" (c+dx)’"' Hyper‘geometr‘icZFl[l, -m, 1-m, ‘—u—)—g::j;) (::gz) }

(bc—ad) (de—c-F) (1+m) (de,cf)zm
Result (type 5, 135leaves, 2 steps):

d (a+bx)1”" (c+dx>’1’m f <a+bx)1”“ (c+dx)’1’"' Hypergeometric2F1[1, 1+m, 2 +m, %]

(bc-ad) (de-cf) (1+m) (be-af) (de-cf) (1+m)
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Problem 3085: Result valid but suboptimal antiderivative.

J(a+bx>m (c+dx)’2’m

(e+1“x)2

dx

Optimal (type 5, 233 leaves, 4 steps):
d(adf(2+m -b(de+cf(1+m))) (arbx)"" (crdx) ™"  f(arbx)"" (cedx) "
(bc-ad) (be-af) (de-cf)? (1+m) (be-af) (de-cf) (e+fXx)

f (adf <2+m) -b (2de+cfm)) (a+bx)'" (c+dx)"" Hyper‘geometr‘icZFl[l, -m, 1-m, 3—)—(—)—(23:1’:) (::z;}

(be-af) <de—c-F)3m

Result (type 5, 243 leaves, 4 steps):
d (a+bx)1”" (c+dx>’1’m f(bde+bcf (1+m)-adf (2+m)) (a+bx)1”" (c+dx)™

+ +

(bc-ad) (de-cf) (1+m) (e+Fx) (bc-ad) (be-af) (de-cf)? (1+m) (e+fx)

de-cf b
(f (adf (2+m) -b (2de+cfm)) (a+bx>1+m (c+dx)'1""Hyper'geometr'ic2F1[1, 1+m, 2+m, e-cf) (arbx] ]/
(be-af) (c+dx)

((befawc)2 (de-cf)? <1+m>)

Problem 3086: Result valid but suboptimal antiderivative.

dx

J<a+bx>m <c+dx)727m
(e+-Fx)3

Optimal (type 5, 432 leaves, 5steps):

(d (a®d?f? (6+5m+m?) +b? (2d?e*+5cdef (1+m) -2 (1-m?)) -abdf (de (9+5m) +cf (3+5m+2m?))) (a+bx)"" (c+dx)’1’"‘)/

flarbx)"" (cedx) " f(b(ade-cf(1-m))-adf (3+m)) (a+bx)™" (c+dx) ™"

(z(bcfad) (be-af)?(de-cf)’ (1+m)> - (be-af) (de-cf) (e+Fx)> 2(be-af)?(de-cf)? (e+fx)

(f (2abdf(2+m) (3de+cfm) - b? (6d2e2+6cde1‘:m—c21‘:2 (1—m) m) -a’d*f? (6+5m+m2)> (a+bx)"

(be-af) (c+dx)
(de-cf) (a+bx)

(c +dx) "Hypergeometric2F1[1, -m, 1-m,

] /(2 (be—a-F)2 (de—cF)4m)

Result (type 5, 452 leaves, 5 steps):
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d (a+bx)1+m (c+dx)’1’m -F(Zbde+bc-F (1+m) —ad-F(3+m)) (a+bx>1”" (c+dx>’m

+

(bc-ad) (de-cf) (1+m) (e+-Fx)2 2(bc-ad) (be-af) <de—cw‘:)2 (1+m) <e+1‘:x)2

(f(azdzfz (6+5m+m?) +b* (2d*e’+5cdef (1+m) -c*f> (1-m?)) -abdf (de (9+5m) +cf (3+5m+2m?))) (a+bx)1”" (c+dx)’m)/
(Z(bc—ad) (be—af)z(de—cf)3(1+m) (e+fx))+

(f <Zabdf(2+m) (3de+c-Fm> -b? (6d2e2+6cde-Fm—c2-F2 (1—m) m) - a’d?f? (6+5m+m2)> (a+bx>1+m

(de-cf) (a+bx)
(be-af) (c+dx)

(c +d x) Lo

Hypergeometric2F1 [1, 1+m, 2+m,

}/(z<be_af)3(de_cf)3(1+m))

Problem 3093: Result valid but suboptimal antiderivative.

dx

J(a+bx)m<c+dx)3m
e+fx
Optimal (type 5, 196 leaves, 4 steps):
d(a+bx)™" (c+dx) " +d<adf(2+m)+b(de-cf(3+m)))(a+bx)1*“‘(c+dx)*1*m
(bc-ad) (de-cf) (2+m) (bc—ad)z(defcf>2(1+m) (2+m)

2 m -m . _ _ be-af) (c+dx
f2 (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, 1—)—(—)—(“{{) o ]

(de—cF)3m

Result (type 5, 208 leaves, 4 steps):
d (a+bx)1”" (c+dx>’2’m d(bde+adf (2+m) -bcf (3+m)) (a+bx)1”" (c+dx)’1’"'
+
(bc-ad) (de-cf) (2+m) (bc-ad)? (de-cf)? (1+m) (2+m)

2 1+m -1-m . de-cf) (a+bx
f2 (a+bx)™" (c+dx) Hypergeometric2F1[1, 1+m, 2 +m, i—U—L(beiaﬂ v ]

+

(be-af) (de-cf)? (1+m)

Problem 3094: Result valid but suboptimal antiderivative.

dx

J(a+bx)m (c+dx)’3’"'

(e+1‘:x)2

Optimal (type 5, 384 leaves, 5 steps):
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(aladf (3n] b (et (2on]]) acbx) [codx) T
(bc—ad) (be—af) (de—cw‘:)2 (2+m)

(d (a>d*f> (6+5m+m?) —-b> (d*>e’-cdef (5+2m) -c*f*> (2+3m+m?)) —abdf (de (3+2m) +cf (9+8m+2m?))) (a+bx>1*m (c+dx)’1’m)/
f<a+bx)1”" (c+dx)’2’m

N
(be-af) (de-cf) (e+fXx)

((bc-ad)? (be-af) (de-cf)’ (1+m) (2+m)) -

f2 (adf (3+m) -b (3de+cfm)) (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, %ﬁﬁi—]

(be-af) (de-cf)*m

Result (type 5, 398 leaves, 5steps):

~([d (a*d* 2 (6+5m+m?) ~b? (d?e?-cdef (5+2m) -c2 2 (2+3m+m?)) -abdf (de (3+2m) +cf (9+8m+2m?))) (a+bx)"" (cedx) ") /
((bc—ad)z(be—aﬂ (de—cf)3(1+m) <2+m>))+
d(a+bx)™" (c+dx) 2" f(bde+bcf (2+m)-adf (3+m)) (a+bx)™™" (c+dx) ™"

+ —

(bc-ad) (de-cf) (2+m) (e+fx) (bc-ad) (be-af) (de-cf)? (2+m) (e+FfX)

(de-cf) (a+bx)
(be-af) (c+dx)

(fz (adf (3+m) -b (3de+cfm)) (a+bx)*™" (c+dx) ' "Hypergeometric2F1[1, 1+m, 2+m,

1)/

((befawc)2 (de-cf)? <1+m>)

Problem 3101: Result valid but suboptimal antiderivative.

J(a+bx)m (c+dx)™*m

e+ fx

dx

Optimal (type 5, 330 leaves, 5steps):
d(a+bx)1”" (c+dx)’3’"‘ d(adf (3+m)+b(2de-cf (5+m))) (a+bx)1*’" (c+dx)’2’"‘
+
(bc-ad) (de-cf) (3+m) (bc-ad)? (de-cf)? (2+m) (3+m)

(d (a®d?f? (6+5m+m?) +abdf (3+m) (de-cf (5+2m)) +b? (2d*e’-cdef (7+m) +c*f2 (11+6m+m?))) (a+bx)™" (c+dx>'1'm)/

+

3 m -m . _ _ (be-af) (c+dx)
2 (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1 -m, et <a+bx>]

((bc—ad)3 (de—cﬂ3 (1+m) (2+m) (3+m)) + (de—cf)4m

Result (type 5, 344 leaves, 5 steps):
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d(a+bx)1”" (c+dx>’3’m d(2bde+adf (3+m)-bcf (5+m)) (a+bx)1”“ (c+dx)’2’m
+
(bc-ad) (de-cf) (3+m) (bc—ad)2 (de—cw‘:)2 (2+m) (3+m)

(d (a>d*f* (6+5m+m?) +abdf (3+m) (de-cf (5+2m)) +b®> (2d*e’-cdef (7+m) + > (11+6m+m?))) (a+bx)1”" (c+dx)’1’m)/

+

3 1+m -1-m . de-cf) (a+bx
2 (a+bx)"" (c+dx) Hypergeometric2F1[1, 1+m, 2 +m, 1—)—(—)—<beiaﬂ v ]

bc-ad)® (de-cf)® (1+m +m +m) ] -
(< ;A )" (em) (20m) (3 >) (be-af) (de-cf)? (1+m)

Problem 3102: Result valid but suboptimal antiderivative.

dx

(a+bx)m(c+dx)’4’m
J (e+1°x)2
Optimal (type 5, 634 leaves, 6 steps):

d(adf (4+m -b(de+cf(3+m))) (a+bx)™™ (c+dx)>"

(bc-ad) (be-af) (de-cf)? (3+m)

(d (a?d?f? (12+7m+m?) -b? (2d’e?-2cdef (4+m) -2 (6+5m+m?)) -2abdf (de (2+m) +cf (10+6m+m?))) (a+bx)"" (c+dx)’2”")/

((bcfad)z(be—aﬂ (de-cf)? (2+m) <3+m))7

(d (a®d® > (24+26m+9m*+m’) ~a*bd*f* (3+m) (de (4+3m) +cf (20+15m+3m®)) -b> (2d° e’ -2cd*e*f (5+m) +c>def® (26 +17m+3m?) +
A (6+1lm+6m +m)) —ab’df (2d?e? (2+m) -2cdef (16+15m+3m?) -2 2 (44+50m+21m* +3m’))) (a+bx)™" (c+dx)’1’"')/

flarbx)™™ (crdx) "

(be-af) (de-cf) (e+fXx)

((bc-ad)’® (be-af) (de-cf)* (1+m) (2+m) (3+m)] -

f3 (adf (4+m) -b (4de+cfm)) (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, fﬁﬁﬁ]

(be-af) (de-cf)°m

Result (type 5, 646 leaves, 6 steps):
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—((d (a?d* 2 (12+7m+m?) -b* (2d*e*-2cdef (4+m) -c*f*> (6+5m+m?*)) -2abdf (de (2+m) +cf (10+6m+m?))) (a+bx)1”" (c+dx)’2”")/
((bc—ad)z(be—af) (de-cf)? (2+m) (3+m>))7
(d (a®d® 3 (24+26m+9m?+m?) ~a’bd’f2 (3+m) (de (4+3m) +cf (20+15m+3m?)) -b’ (2d*e®*-2cd?e’*f (5+m) +c2def? (26+17m+3m?) +
A (6+11m+6m +m)) —ab’df (2d?e? (2+m) -2cdef (16+15m+3m?) -2 2 (44 +50m+21m* +3m’))) (a+bx)™" (c+dx>’1”“)/
d(a+bx)1”" (c+dx>’3’m

(bc-ad) (de-cf) (3+m) (e+Fx)

((bc—ad)3 (be-af) (de—cf)4(1+m) (2+m) (3+m>>+

f(bde+bcf (3+m)-adf (4+m) (a+bx)™™ (c+dx) "
(bc-ad) (be-af) (de-cf)? (3+m) (e+fx)

+

(de-cf) (a+bx]
(be-af) (c+dx)

(f3 (adf (4+m) -b (4de+cfm)) (a+bx)"" (c+dx) ' "Hypergeometric2F1[1, 1+m, 2+m,

1)/

((be—aw‘:)2 (de-cf)* <1+m))

Problem 3110: Result valid but suboptimal antiderivative.

dx

(a+bx)m<c+dx)757m
J e+ fx
Optimal (type 5, 557 leaves, 6 steps):

d(a+bx)*" (c+dx)™" d(adf (4+m) +b (3de-cf(7+m))) (a+bx)™" (c+dx)>"
(bc-ad) (de-cf) (4+m) (bc—ad)2 (de—c-F)2 (3+m) (4+m)

+

(d (a2d*f? (12+7m+m?*) +2abdf (4+m) (de-cf (4+m)) +b> (6d°e’-2cdef (10+m) +c*>f> (26+9m+m*))) (a+bx)1*m(c+dx)’2’"‘)/

((bc—ad)3(de—cf>3<2+m) (3+m) (4+m))+

(d (a®d® > (24+26m+9m*+m’) +a*bd* f* (12+7m+m?) (de-cf (7+3m)) +ab’df (4+m) (2d*e*-2cdef (5+m) +c*f* (26+17m+3m?)) +
b’ (6d*e’-2cd?e?f (13+m) +c*def? (46 +11m+m?) - > (50 +35m+10m?+m?))) (a+bx)"" (c+dx)’1’m)/

4 m -m . _ _ be-af) (c+dx
f* (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, 1—)—(—)—(“7“) (amx)}

((bc-ad)® (de-cf)* (1+m) (24m) (3+m) (@+m)) - de-cf)*m

Result (type 5, 569 leaves, 6 steps):
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d(a+bx)1”" (c+dx>’4’m d(3bde+adf (4+m) -bcf (7+m)) (a+bx)1”“ (c+dx)’3’m
+
(bc-ad) (de-cf) (4+m) (bc—ad)2 (de—cw‘:)2 (3+m) (4+m)

+

(d (ad*f* (12+7m+m?) +2abdf (4+m) (de-cf (4+m)) +b*> (6d*°e*-2cdef (18+m) +c*>F> (26 +9m+m?))) (a+bx)1*m <c+dx)’2’"‘)/

((bc—ad)s(de—cf>3<2+m) (3+m) (4+m))+

(d (a®d>f> (24 +26m+9m® +m®) +a*bd*f* (12+7m+m?) (de-cf (7+3m)) +ab*df (4+m) (2d*e®>-2cdef (5+m) +c*>f> (26+17m+3m?)) +
b*> (6d*e®-2cd?e?f (13+m) +c*def? (46 +11m+m?) - > (58 +35m+10m?+m?))) (a+bx)™" (c+dx)’1’m)/

4 1+m -1-m . de-cf) (a+bx
4 (a+bx)™™" (c+dx) Hypergeometric2F1[1, 1+m, 2 +m, 1—“—)—(“7”) v ]

bc-ad)*(de-cf)*(1+m +m +m wmy ) o+
( ) ) (1em) (2+m) (34m) (@+m)) e o] (do-c]* (1om]

Problem 3116: Result valid but suboptimal antiderivative.

dx

(a+bx)" (c+dx)1’m
J e+ fx
Optimal (type 5, 230 leaves, 6 steps):

_d (de-c#) (a+bx)™™ (crdx)™ ) (de-cf) (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, i—U—L(ZZ:i; (:igz)] ) 1
(bc—ad)fzm f2m b(bc—ad)fzm(1+m)

b (c+dx)\" d(a+bx)
————| Hypergeometric2Fi[m, 1+m, 2+m, - ———|
bc-ad bc-ad

d(b(de-cf(1-m))-adfm) (a+bx)1”" (c+dx)“‘[

Result (type 5, 220 leaves, 7 steps):

(de-cf) (a+bx)" (c+dx) "Hypergeometric2F1[1, m, 1+m, 1_)4_(2:::; (:Z;}

f2m
(de-cf) (a+bx)" (c+dx)™ (%ﬁl)mHypergeometriczFl[m: m, 1em, St .
f2m
d (a+bx)1*'“ (c+dx)™ (%)mHypergeometr‘iczFl[m, 1+m, 2+m, —J—Ldbii:; ]
b f <1+m>

Problem 3117: Result unnecessarily involves higher level functions.

dx

J(a+bx)"’ <c+dx)1’m

(e+fx>2

Optimal (type 5, 190 leaves, 6 steps):



14 | 1 Algebraic functions.nb

) (a+bx)" (c+dx)1’m ) (adf (1-m)-b(de-cfm)) (a+bx)" (c+dx)*mHyper‘geometr‘iCZFl[l, m, 1+m, i—U—L(s:::; (iizz)] )

f (e+fx) f2 (be-af)m

d(a+bx)" (c+dx)™ (bezt—‘:z)—)mHyper‘geometr‘iczFl[m, m, 1+m, —J—Ldbijzz ]

f2m

Result (type 6, 108 leaves, 2 steps):

(bc—ad) (a+bx)1”" (c+dx>’m (—(—)—bb:g;‘ )mAppellF1[1+m, ~1+m, 2, 2+m, —db(it:;” s —fb(:tgf}

(be—a-F)2 (1+m)

Problem 3127: Result valid but suboptimal antiderivative.

dx

(a+bx)'" <C+dx)27m
j e+fx
Optimal (type 5, 370 leaves, 6 steps):

d (Zabcdfszazdzfszb2 (2d29274cdef+c21:2 (2+m))) (a+bx)1”" (c+dx)""

2 b2 (bc—ad) 3m

+

. . (be af) (cedx)
d? (a+bx)2”“ (c+dx)™ . (de-cf)? (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, <Z:_ii> <:+S§)} N

202 f fm

d (Zabdf(de—cf(Z—m)) m+ a2 d? £2 (1—m>m—b2 (Zd2 2_2cdef (Z—m) +c2fF? (2—3m+m2)))

b<c+dx>

bc-ad

1+m - i d (a+bx)
(a+bx)™™ (c+dx)™ [ Hypergeometric2F1[m, 1+m, 2 +m, o ad
c-a

] /(2b2 (bc-ad)fm(1+m))

Result (type 5, 319leaves, 10 steps):

7 (de—c-F)2 (a+bx)" (c+dx) "Hypergeometric2F1[1, m, 1+m, %] )

m
d(bc-ad) (a+bx)™ (c+dx)™ (%ﬁl)mHyper‘geometricZFl[—1+m, 1+m, 2+m, *%L]
b2 f (1+m)
(de-cf)? (a+bx)" (c+dx)™" (%ﬁl)mHyper‘geometr‘iczFl[m, m, 1+m, —_(_db:zz ] )
2m
d(de-cf) (a+bx)™" (c+dx)™" (%ﬁ)-)mHyper‘geometr‘iczFl[m, 1+m, 2+m, —_(‘db:f:z ]

b 2 (1+m)
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Problem 3128: Result unnecessarily involves higher level functions.

+bx)" +dx)2™m
J(a x)" (c+dx) x
(e+1‘:x)2
Optimal (type 5, 316 leaves, 7 steps):
2d? (de-cf) (a+bx)" (c+dx)™ (de-cf)? (a+bx)"" (c+dx)™" 1
(bc-ad) fm f2 (be-af) (e+fx) 2 (be-af)m
be-af +d
(de-cf) (adf (2-m) -b (2de-cfm)) (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, lbe-af) (c-dx) + !
(de-cf) (a+bx)  b(bc-ad)fm(1+m)
b +d m d +b
d*> (b (2de-cf (2-m)) -adfm) (a+bx)1”" (c+dx)m(M Hyper‘geometr‘icZFl[m,1+m,2+m,—M
bc-ad bc-ad

Result (type 6, 113 leaves, 2 steps):

(bc—ad)2 (a+bx)1”" (cedx)™ (%)mAppellFl[ler, -2+m, 2, 2+m, - db(:tzz) s *fb(:t:;)]

b(be-af)® (1+m)

Problem 3129: Result unnecessarily involves higher level functions.

dx

J(a+bx>m (c+dx)2’m

(e+-Fx)3

Optimal (type 5, 362 leaves, 7 steps):
(be-af) (a+bx)’1”" (c+dx)2’"‘ (adf (2-m) -b (3de-cf (1+m))) (a+bx)’1”" <c+dx)2’"'

+ —

2 f2 (e+fx)2 22 (de-cf) (e+fX)

((Zabdf(Z—m) (de—c-Fm) - b? <2d2e2—2cde-Fm—c21‘:2 (1—m> m) - a%d? f? (2—3m+m2)) (a+bx)’1*"‘

(de-cf) (a+bx]
(be-af) (c+dx)

(c+dx) " Hypergeometric2F1[1, -1 +m, m,

||/ (27 (pe-af) (de-cf) (1-m)) -

d(bc-ad) (a+bx) ™" (c+dx)™" (b—b‘:—g;‘L)mHyPer‘geometr‘iczFl[—l+m, -1+m, m, —%f_ﬁzz ]

2 (1-m)

Result (type 6, 110leaves, 2 steps):
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(bc:—ad)2 (a+bx)1*m (c+dx)™ (%L)mAppellFl[ler, -2+m, 3,2+m, - d;itg;‘) B *fb(:i:?]

(be-af)’ (1+m)

Problem 3134: Result valid but suboptimal antiderivative.

dx

(a+bx)'" <c+dx)3’m
J e+fx
Optimal (type 5, 488 leaves, 7 steps):

b (be—a-F)3 (a+bx>’3”" (c+dx)4’m b (b (3de—c-F (1—m)> —adf (2+m)) (a+bx)’2*m (c+dx)4’m
(bc—ad)f“(S—m) 6d? f2

+

b (a+bx)’1*m (c+dx)4’m (be—af)3 (a+bx)’3*"‘ (c+dx>3"" Hypergeometric2F1[1, -3 +m, -2 +m, 3—)—(—)—(2221‘:) (::3; ]

3df 4 (3-m)

1
6b3d2f* (2-m) (3-m)
3ab’dfm(2d*e’-2cdef (3-m)+c*f* (6-5m+m”)) -b> (6d°e’-6cd*e*f (3-m)+3c*def’ (6-5m+m*) - (6-11m+6m* -m)))

(bc—ad)2 (3a°bd*f? (de-cf (3-m)) (1-mjm+a*d>Fm(2-3m+m?) +

b d m d b
<a+bx)’2*m (c+dx)™ [M Hypergeometric2F1[-3+m, -2 +m, -1 +m, —M
bc-ad bc-ad
Result (type 5, 417 leaves, 13 steps):
(de-cf)? (a+bx)" (c+dx) "Hypergeometric2F1[1, m, 1 +m, %ﬁii—siﬂ )
*m
d (bc—ad)2 (a+bx)1”" (c+dx)™ (bﬁbﬁl)mHyper‘geometriczFl[—z+m, 1+m, 2+m, ’%%L] ) 1
b3'F<1+m) b2f2(1+m)
b (c+dx)\" d(a+bx)

Hypergeometric2F1 [—1 +m, 1+m, 2+m, -
bc-ad

] _

d(bc—ad) (de—cf) (a+bx>1+m<c+dx)m[ S

(de-cf)? (a+bx)" (c+dx)™" (M)mHyper‘geometriczFl[m, m, 1+m, - 4(2:bx ]

bc-ad bc-ad
*m
d(de-cf)? (a+bx)"" (crdx) " (®L9X] "Hypergeometric2Fi[m, 1+m, 2 +m, - 420X ]

b f3 (1+m)



Problem 3136: Result unnecessarily involves higher level functions.

dx

J(a+bx>m (c+dx)3’"I

(e+fx)3

Optimal (type 5, 453 leaves, 8 steps):
3d° (de-cf) (a+bx)" (c+dx)™ (de-cf)® (a+bx)"" (c+dx)™"

+

(bc—ad)f“m 2 f3 (be—a-F) <e+-Fx)2
(de-cf)? (b (5de+cf(1-m))-adf(6-m) (a+bx)"" (c+dx)™ 1
N
2f3 (be-af)? (e+fx) 2f (be-af)’m
(de-cf) (2abdf (3-m) (2de-cfm) -b* (6d*’e*-4cdefm-c*f> (1-m)m)-a*d*f* (6-5m+m?))
be-af d
(a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m, lbe-af) (c-dx) + !
(de-cf) (a+bx) b(bc-ad)f*m(1+m)
b d m d b
d* (b (3de-cf (3-m)) -adfm) (a+bx)*" (c+dx)'m((c+x> Hypergeometric2F1[m, 1+m, 2 +m, —M
bc-ad bc-ad

Result (type 6, 113 leaves, 2 steps):

(bc-ad)® (a+bx)™™ (c+dx)™ (%ﬁ)—)mAppellFl[lm, “3+m, 3,2+m, - d;:tzz) , 7‘:;1:;)]

b (be—a-F)3 (1+m)

Problem 3137: Result valid but suboptimal antiderivative.

dx

<a+bx>17" (C+dx)1+n
J bc+ad+2bdx
Optimal (type 5, 245leaves, 6 steps):
(bc-ad) (3-2n) (a+bx)*" (c+dx) ™" d(a+bx)’" (c+dx) "

+ +

8b° (1-n) 4b?

(bc—ad)2 (a+bx)1'” (c+dx)'1*” Hypergeometric2F1[1, -1+n, n, —fﬁz—gzﬂ

8b3d (1-n)

(bc-ad)?(1-2n2) (a+bx)™" (—d—b‘ﬁ)—)n (c +dx)"Hypergeometric2F1[-1+n, n, 1+n, _Lbb::z; ]

8 b2 g2 (1—n)n

Result (type 5, 3191leaves, 10 steps):

1 Algebraic functions.nb | 17
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(bc-ad)? (a+bx)™" (c+dx)"Hypergeometric2F1[1, -n, 1-n, - d(ahx) ]

) b (c+dx) N
8b2d%n
(bc-ad)? (a+bx)™" (c+dx)" (%)_n Hypergeometric2F1[-n, -n, 1-n, —_Ldb:fzz ]
8b%d?n
(bc-ad) (a+bx)™" (—%)n (c+dx)"" Hypergeometric2F1[n, 1+n, 2+n, _(_Lbb::z; ]
4bd? (1+n)

_ n + . +
(a+bx)™" (_d_b(ﬁ)_> (c +dx)*" Hypergeometric2F1[n, 2+n, 3+n, b—b(ﬁ)—]

2d? <2+n)

Problem 3138: Result unnecessarily involves higher level functions.

dx

J(a+bx)1” (c+dx)™"

(b(:+ad+2bdx)2

Optimal (type 5, 154 leaves, 4 steps):

) (bc-ad) (a+bx)*" (c+dx) " Hypergeometric2F1[2, 1-n, 2-n, —J—Lg (:3;] )

4b3d (1—n)

(a+bx)™" (—d—b(%)—)n (c+dx)1*” Hypergeometric2F1[n, 1+n, 2 +n, b—b(%)—]

4bd? (1+n
(1+n)

Result (type 6, 113 leaves, 2 steps):

a+bx)?" (c+dx)" [otedx ) Appel1F1[2-n, ~1-n, 2, 3-n, - d@bx _2d(abx
bc-ad PP bc-ad bc-ad
c-a c-a c-a

b? (bc-ad) (2-n)

Problem 3139: Result unnecessarily involves higher level functions.

dx

J(a+bx>1” (c+dx)1+”

(bc+ad+2bdx)>

Optimal (type 5, 230 leaves, 7 steps):
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(bc-ad) (a+bx)"" (crdx)" (1+2n) [a+bx)"" (c+dx)" (1-2n?) (a+bx)™" (c+dx)"Hypergeometric2F1[1, n, 1+n, - 24X ]

d (a+bx)

8b*d (bc+ad+2bdx)? 8b?d (bc+ad+2bdx) 8b%d%n

-n d(atbx) \ " n . b (c+dx
(a+bx) (——(—)—bead ) (c +dx)"Hypergeometric2Fi[n, n, 1+n, J—Lb&ad ]

8b%d?n
Result (type 6, 113 leaves, 2 steps):

(a+bx)*" (c+dx)" (J—Lbbzt:;‘ )7n AppellF1[2-n, -1-n, 3,3-n, —db(it:;f) s —Zi(i;bdx)}

b2 (bc-ad)? (2-n)

Problem 3141: Result valid but suboptimal antiderivative.

dx

J(a+bx)m (c+dx)2’m

bc+ad+2bdx
Optimal (type 5, 231 leaves, 6 steps):

(bc-ad) (1+2m) (a+bx)™™ (c+dx)™ d(a+bx)*" (c+dx)™ (bc-ad)® (a+bx)" (c+dx) "Hypergeometric2F1[1, -m, 1-m,

+

_ b (cdx) ]
d (a+bx)

+ +

8b3m 4 b3 8b3dm
(bc-ad) (1-4m+2m?) (a+bx>1”" (c+dx)™ (b—b(%)—)mHyper‘geometr‘iCZFl[m, 1+m, 2+m, —d—b(ﬁ)‘]
8b>m (1+m)

Result (type 5, 314 leaves, 10 steps):

(bc-ad)? (a+bx)" (c+dx) "Hypergeometric2F1[1, m, 1 +m, - 420X ]

. b (c+d x) N
8b3dm
(bc-ad) (a+bx)*" (c+dx)™" (%)mHyper‘geometr‘iCZFl[—1+m, 1+m, 2+m, *%L]
203 (1+m)
(bc-ad)? (a+bx)" (c+dx)™ (%ﬁ)—)mHyper‘geometr‘iCZFl[m, m, 1+m, —%}
8b3dm
(bc-ad) (a+bx)™™ (c+dx)™ (szt—:;‘)-)mHyper‘geometr*iczFl[m, 1+m, 2+m, —_(_db:t:z ]

4 b3 (1+m)
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Problem 3142: Result unnecessarily involves higher level functions.

dx

J<a+bx>m (c+dx)*™

(bc+ad+2bdx)?

Optimal (type 5, 144 leaves, 4 steps):

(bc-ad) (a+bx)" (c+dx) "Hypergeometric2F1[2, m, 1 +m, - ¢-L20X)]

b (c+dx)
B +
4b3dm
n “n (b (cadx) \ M . d (a+bx)
(bc-ad) (a+bx)" (c+dXx) (—(—)—bead ) Hypergeometric2F1[-1+m, m, 1+m, - e ad ]
4b3dm

Result (type 6, 93 leaves, 2 steps):

(a+bx)*™™ (c+dx)™ (4—)—bbzfgs )mAppe11F1[1+m, —2+m, 2, 2+m, —db‘:f:;" s —Zdb(i;bd")}

b3 (1+m)

Problem 3143: Result unnecessarily involves higher level functions.

dx

J(a+bx)m (c+dx)2’"‘
(bc+ad+2bdx)’
Optimal (type 5, 261 leaves, 7 steps):
(bc-ad) (a+bx)‘1+m <c+dx)2'm (1-2m) (a+bx)'1+m (c+dx>2'm
+
8bd? (bc+ad+2bdx)? 8bd? (bc+ad+2bdx)

(1—4m+2m2) (a+bx)'1+m (c+dx)1'm Hyper‘geometr‘icZFl[l, ~1+m, m, —%}

8 b2 d?2 (1-m)

(bc-ad) (a+bx) ™" (c+dx)™ (%:—:;‘L)mHyper‘geometr‘iczFl[—l+m, ~1+m, m, —J—db:tzz ]

8 b3 d? (1-m)

Result (type 6, 103 leaves, 2 steps):

1+ - b (c+d m d (a+b 2d (a+b
(a+bx) m (c+dx) m (—(—)—bz_a: ) AppellF1[1+m, -2+m, 3, 2+m, - b(j_a;‘) , - b(ca_adxw

b* (bc-ad) (1+m)

Test results for the 159 problemsin "1.1.1.4 (a+b x)"m (c+d x)"n (e+f x)*p (g+h x)*g.m"
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Problem 111: Unable to integrate problem.
J 1
(a+bx)3/2 (c+dx)3/2\/e+fx \g+hx

dx

Optimal (type 4, 786 leaves, ? steps):
2d3Va+bx Ve+fx v/g+hx 2b3/c+dx Ve+fx /g+hx
_ (bc—ad)z(de—cf) (dg—ch)m_ (bc—ad)2 (be-af) (bg—ah)\/mJr
2b (a*d*fh-abd? (fg+eh) +b? (2d?eg+c>fh-cd (fg+eh)))Vc+dx Ve+fx /g+hx

(bc-ad)? (be-af) (de-cf) (bg-ah) (dg-ch)a+bx 7

2+\/fg-eh (a®?d*fh-abd® (fg+eh) +b* (2d°eg+c®*fh-cd (fg+eh)))

be-af h - bc-ad] (fg-eh
\c+dx 7< e-af) (g-hx) EllipticE[Ar‘cSin[\/bg ah Ve« fx ,7< c-2d) (fg-e )} /
(fg-eh) (a+bx] Vfg-eh Va+bx (de-cf) (bg-ah)
be-af d
(bc-ad)? (be-af) (de-cf)Vbg-ah (dg-ch) (be-af) (c+dx) Vg+hx | -
(de-cf) (a+bx)
b f +d \Jbg-ah \Jerfx bc-ad) (fg-eh
4bd i—u—)—(d::ﬂ (;bz Vg+hx ElllptlcF[Ar‘cSm[mm _Zd:f:f; Ebz—Zh;]
(bc-ad)?*vVbg-ah v/fg-eh v/c+dx —l—)—(E—L(:Z:::) (ai:vi)

Result (type 8, 39 leaves, 0steps):
1

<a+bx)3/2 (C+dx>3/2\/e+fx \/g+hx

CannotIntegrate| » X]

Problem 137: Result valid but suboptimal antiderivative.

bx)"™ (A+B dx)™"
J(a+ x)" (A+BX) (c+ x) ix

e+fx

Optimal (type 5, 233 leaves, 5 steps):
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- 3 (be-af) (c+dXx)
q (BefAf) (a+bx)1”" (de)fm (Be—Af) (a+bx)m (c+dx) '"Hyper‘geometr‘1c2F1[1, -m, 1-m, (327:; (;gz)] 1

(bcfad)fzm f2m b(bcfad)fzm(1+m)

b(c+dx)\" d(a+bx)

(aBdfm-b (Bde-Adf+Bcfm)) (a+bx)1”“ (c+dx)m( Hypergeometric2F1[m, 1+m, 2 +m, -
bc-ad bc-ad

Result (type 5, 220 leaves, 7 steps):

(Be-Af) (a+bx)" (c+dx) "Hypergeometric2F1[1, m, 1+m, 1—)—:):::) (:zz) ]

f2m
(Be-Af) (a+bx)" (c+dx)™ (%)mHyper‘geometriczFl[m, m, 1+m, —%%L]
f2m
B (a+bx)1”" (c+dx)’m (%)mHyPEPgEOmetr‘iCZFl[m, l1+m, 2+m, *J_dbit:;( ]
bf (1+m>

Test results for the 34 problemsin "1.1.1.5 P(x) (a+b x)*m (c+d x)"n.m"
Test results for the 78 problemsin "1.1.1.6 P(x) (a+b x)"m (c+d x)*n (e+f x)*p.m"
Test results for the 35 problemsin "1.1.1.7 P(x) (a+b x)"m (c+d x)"n (e+f x)*p (g+h x)*q.m"

Test results for the 1071 problemsin "1.1.2.2 (c x)"m (a+b x*2)p.m"

Problem 662: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
a (2+m) x*m b (3+m) x3+m

J Va+bx? Va+bx?
Optimal (type 3, 17 leaves, ? steps):

x>\ a + b x?

Result (type 5, 127 leaves, 5 steps):

dx
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2+ bx? ; 1 2:m 4um bx? 4. bx? ; 1 4sm 6em bx?
ax>m 142 Hyper‘geometr‘lczFl[z, o, B, - a] b (3+m)x#m [1+ 2 Hyper‘geometr‘1c2F1{2, o, e, - a}

+

JaibxE (4+m) VJa+rbx®

Problem 664: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

J[ b x1+m m x-1+m
- +
<a+bx2)3/2 Vva+bx?
Optimal (type 3, 15leaves, ? steps):

Xm
Va+bx?
Result (type 5, 123 leaves, 5 steps):

bx® ; 1 m 2em bx? 2+ bx? B 3 2+em 4sm bx*
x™ 1+ . Hyper‘geometr‘1c2F1[2, 50 50 T, } bx+™ 1+ . Hyper‘geometr‘1c2F1[2, S0 o0, ]

Va+bx? a(2+m) Va+bx?

Problem 738: Result valid but suboptimal antiderivative.

J(c x) B (a +bx2)1/3 dx

Optimal (type 3, 195leaves, 6 steps):

5aZc? (cx)4/3 (a+bx2>1/3 ac (cx)le/s (a+bx2)1/3
- + +

108 b2 36b

2b1/3 (cx)?/3

1+7/3
(cx)13 (a+bx2)'? 5a’ CB/BA"CTan[ﬂM;—XZL] 5% c¥¥/3 Log[b'/? (cx)?/3 - 23 (a+bx?)'?]

6c 54/3 b8/3 108 b?/3

Result (type 3, 275leaves, 12 steps):
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5a2c® (cx)?? (a+bx?)Y? ac (ex)®2 (a+bx?)Y?  (cx)183 (a+bx2)V?
_ N N _
108 b2 36b 6cC
c2/3+ 2b1/3 (cx)2/? ) , )
5 33 (13/3 Ar‘cTan[ (2022 ] 5a3 c13/3 Log [c2/3 B M] 5 a3 c13/3 Log [c4/3 L D ex)¥E bR e (ex)?? ]
NEWE (aerxz)l/3 (a+b x2)2/3 (a+bx2)1/3

54+/3 b8/3 162 b?/3 324 b¥/3

Problem 739: Result valid but suboptimal antiderivative.

J(c x)7/3 (a+bx2)1/3 dx

Optimal (type 3, 164 leaves, 5steps):

2p1/3 (cx)2/3

1+ ——
2 ~7/3 /3 (a:bx2| Y3
ac (cx)*3 (a+bx?)'?  (cx)¥®3 (a+bx?)P? A€ ArcTan[TF] a2 c’/3 Log[bY/? (cx)?/? - 23 (a+bx?)*?]
+ + +
12b 4c 6+/3 bS/3 12 b>/3

Result (type 3, 244 leaves, 11 steps):

c2/3+2b1,’3 (cx)2/3
2 ~7/3 (asbx2)?/?
ac (cx)43 (a+bx2)1/3 (c x)10/3 (a+bx2)1/3 a? c’/? ArcTan | ]

VENSE
+ + +
12b 4c 6+/3 b33
a2 c7/3 Log[c2/3 B ﬂ(c_X)z_/w a2 7/3 Log[c4/3 L e b (ex) P }
(a+b x2)1/3 (a+b XZ)Z/VB (a+b xz)l/3
18 b>/3 36 b5/3

Problem 740: Result valid but suboptimal antiderivative.

J(cx)l/3 (a+bx2)1/3 dx

Optimal (type 3, 133 leaves, 4 steps):

2013 (cx)2/3

14—
(cx)¥3 (a+bx?)'? ac1/3Ar‘cTan[#\/‘33;#‘—] acl’?Log[b'? (cx)??-c?3 (a+bx?)'?]
2c¢c 2+/3 b2/3 4 b2/3

Result (type 3, 211 leaves, 10steps):

/3y 200 €02 1/3 2/3 2/3 4/3 1/3 <2/3 2/3
43 511/3  acl/3 Ar‘cTan[ a:bx?) V3 ] acl/3 Log[c2/3 _b/° (ex) ] acl/3 Log[c4/3 L ex)7 bR (c X/) ]
(cx)*3 (a+bx?) V3 ¥/ (asbx2)%/? (asbx2)?/? (a+bx2)?/?

+
2c 2-/3 b2/3 6 b2/3 12 b2/3




Problem 741: Result valid but suboptimal antiderivative.

(a+bx2)'?
J S ax
(C X) 5/3
Optimal (type 3, 131 leaves, 4 steps):

2bY/3 (cx)2/3

3 (a+bx2)*? \/3 b2 ArcTan| Cmf;xz ] 3bY/? Log[b'/? (cx)2/3 - c?3 (a+bx2)?]

2c¢c (CX>2/3 2 ¢c5/3 4 c>/3

Result (type 3, 208 leaves, 10 steps):

/3, 2b%/3 (cx)?/3

NEW=E (a+bx?)/?

" /3 2/3 b2/3 (cx)4/3 b1/3 C2/3 (cx)2/3
1/3 2]V bl/3 Log[c2/3 _ B2 (ex?? bl/3 Log [c4/3 + + ’
3 (a+bx2)1/3 V3 b3 ArcTan]| ] g| ] g| (o) o)

]

2c¢c (CX)2/3 2 co/3 2 c°/3 4 c>/3

Problem 754: Result valid but suboptimal antiderivative.

J(cx)”/3 (a+bx2)4/3 dx

Optimal (type 3, 223 leaves, 7 steps):

5a°c? (cx)?? (a+bx?)Y? a?c (cx)¥®? (a+bx?)*?  a (cx)2 (a+bx?)??

+ + +
324 b? 108 b 18 ¢
1+ 2b%/3 (cx)2/?
4 ~13/3 23 (aibx2)
(c x)16/3 (a+bx2)4/3 5a%c Ar‘cTan[ N= ] 5 94 c13/3 Log[b1/3 (cx)2/3_¢2/3 <a+bx2)1/3}
8¢ 162 /3 b8/3 324 b8/3

Result (type 3, 303 leaves, 13 steps):

5a°c® (cx)*? (a+bx?)Y?  a?c (cx)?®2 (a+bx?)*?  a(cx)¥2 (a+bx?)Y?  (cx)13 (a+bx2)*?
- + + + -

324 b? 108 b 18 c 8c

33,202 (0 1/3 2/ p
; /3 2/3 4/3 1/3 ~2/3 2/3
5 3% c13/3 ApcT _ lame)?? 5a% c13/3 Log[c?/3 - b2 (ex)*? 5a% c13/3 Log[c4/3 + b (cx)**  bY2 P (cx)
a’c rclan 1/3 2/3 1/3
/3 c2/3 (a+b x?) (a+bx?) (a+b x?)

- +

162+/3 b8/3 486 b?/3 972 p8/3

1 Algebraic functions.nb
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Problem 755: Result valid but suboptimal antiderivative.

J(cx)”3 (a+bx2)4/3 dx

Optimal (type 3, 192 leaves, 6 steps):

a?c (cx)*3 (a+bx?)? a(cx)3 (a+bx?)?  (cx)3 (a+bx2)*?

+ + +
27 b 9c 6cC
14 2b1/3 (cx)2/3
3 -7/3 /3 (asbx2)Y/?
2a°c Ar‘cTan[ e } 33 ¢7/3 Log[b1/3 (cx)2/3 - ¢2/3 (a+bx2)1/3]
+
273 b5/ 27 b°3

Result (type 3, 272 leaves, 12 steps):

a?c (cx)*3 (a+bx?)*? a(cx)12 (a+bx?)'?  (cx)? (a+bx?)??
+ + +
27b 9c¢ 6cC
c2/3+72b]/3 (cx)/z'/z bl/3 (c x)2/3 bY/3 (cx)%/3 bl/3 2/3 (cx)2/3
283 c7/3 ArcTan[ ——=e ] 2237/ Log [c/3 - B eX=n ] 33 ¢7/3 Log /2 + + ]

V3 /3 . (a+bx2)l/3 - (a+bx2)z/3 (a+bx2)1/3
27/3 b33 81 b5/3 81 b5/3
Problem 756: Result valid but suboptimal antiderivative.
j(cx)l/3 (a+bx2)4/3 dx
Optimal (type 3, 163 leaves, 5steps):
1+ 2b1/3 (cx)2'3’
a(cx)%3 (a+bx2)1/3 (cx)43 (a+bx2)4/3 a2c1/3Ar‘cTan[;\'%¢]—} a2c1/3Log[b1/3 (cx)2/3_¢c?3 (a+bx2)1/3]
N _ _
3¢ 4c 3+/3 b2/3 6 b2/3

Result (type 3, 243 leaves, 11 steps):

1/3 2/3
c2/3, 207 (cx)?

a (cx)43 (a+bx2)1/3 (cx)43 (a+bx2)‘”3 a? ¢!/ ArcTan [ — x|

ﬁcz/s
+ _ _
3c 4c 34/3 b2/3
32 ¢1/3 Log[c2/3 _ b3 (c X)Z/B} a2 c1/3 Log[c4/3 N b2/3 (cx) /3 N bl/3 c2/3 (CX)Z/B}
(a+bxz)1/3 (a+bxz)z/3 (.’=1+bx2)1/3
+

9 b2/3 18 b2/3



1 Algebraic functions.nb | 27

Problem 757: Result valid but suboptimal antiderivative.

(a+bx?)*?
J————————dx
(C X) 5/3
Optimal (type 3, 153 leaves, 5steps):

2613 (¢ X>2/3

1+

2b (cx)*3 (a+bx2)*? 3 (a+bx2)*? 2ab'? ArcTan| C/j;x | apis Log[b'/? (cx)?/? -3 (a+bx?)'?]
c3 2c (cx)?/3 NEWSE c5/3

Result (type 3, 233 leaves, 11 steps):

/3,20 (ex? 1/3 2/3 2/3 4/3 1/3 c2/3 2/3
13 e 2abl/3 Log[c2/3 _ B (ex)?? abl/3 Log[c4/3 4 B (ex) b2 ¢ (cx)
2b (C X)4/3 (a+bx2)1/3 3 (a+bx2)4/3 2ab APCTan[ NEW L } g[ (a+bx2)1/3 ] g[ * (a+bx2)2/3 * <a+bxz)1/3 ]
- - +

2c (cx)?3 NEWE 3 ¢5/3 3053

C3

Problem 758: Result valid but suboptimal antiderivative.

J(a+bx2)4/3

(C X>11/3

dx

Optimal (type 3, 157 leaves, 5steps):

2013 (cx)?/3
3b <a+bx2)1/3 3 (a+bx2)4/3 \/?b4/3Ar*cTan[ﬁvz;_xﬂi} 3 p4/3 Log[bl/s (cx)2/3_¢2/3 (a+bx2)1/3]

2¢3 (CX)2/3 8c (c X)8/3 2 cli/3 4 ci1/3

Result (type 3, 234 leaves, 11 steps):

g/hm 1/3 2/3 2/3 4/3 1/3 c2/3 2/3
J3 ha/3 abx?) V7 b4/3 Log [ c?/3 - B (e b4/3 Log [ c#/3 4 B (ex) et liex
3b <a+bx2)1/3 3 (a+bx2)4/3 3b Ar\CTan[ \/?cz/a } g[ (a+bx2)1/3 ] g[ + (a+bx2)z/3 + (a+bx2)1/3 ]
2c3 (CX)2/3 8c (c X)8/3 2 cli/3 2 cli/3

4 c11/3

Problem 771: Result valid but suboptimal antiderivative.
J (CX>19/3 dx
(a+bx2)??

Optimal (type 3, 198 leaves, 6 steps):
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10a2c (cx)*3 (a+bx2)Y?  2ac (cx)13 (a+bx?)? ¢ (cx)¥3 (a+bx?)?

+ +
27 b3 9 b2 6b
1+ 2b1f3zcxy”’
20 a% c¥/3 ArcTan| ;3\/%1—] 1023 /3 Log [b23 (c %) 2/ - c¥/3 (a+ bx?) V7]
+
27+/3 bli/3 27 b3

Result (type 3, 278 leaves, 12 steps):

10a2¢ (cx)*3 (a+bx2)Y?  2ac (cx)13 (a+bx?)? ¢ (cx)¥3 (a+bx?)?
- + +

27 b3 9 b? 6b

1/3 2/3
C2/3+ 2b (cx)

b1/3 Cz/a (cx) 2/3

1/3 2/3 2/3 4/3
c2/3 _ uu)_] 10 a3 cl9/3 Log[c4/3 4 2 (ex) +

]

3 ~19/3 a:sbx2)Y/3 20 a3 c19/3 Lo
20 a3 /3 ArcTan | —‘—)—ﬁ ] gl (a0 t) 2 o) oot
+ _
81 b11/3 81 bl1/3

27ﬁ pll/3
Problem 772: Result valid but suboptimal antiderivative.
J (CX)13/3 dx
(a + bXZ)Z/3

Optimal (type 3, 167 leaves, 5 steps):

2b1/3 (cx)2/3

1+
2 ~13/3 /2 (a:bx2)??
5ac® (cx)¥? (a+bx?)?? ¢ (cx)3 (asbx?)V? SacC ArcTan| NeS | sarcus Log[b'/? (cx)2/2 - c?3 (a+bx2)'?]
- N - -
12 b2 4b 6+/3 be/3 12 b8/3

Result (type 3, 247 leaves, 11 steps):

/3,2 b!/3 (cx)2/3?

2 ~13/3 _ (asbx?)P
75ac3 (cx)¥3 (a+bx2)'? c (cx)193 (a+bx2)'? . 5a’ c'¥/? ArcTan| 3 b ] i
12 b2 4b 6+/3 b8/3
5 52 (13/3 Log[c2/3 _ M] 5 52 c13/3 Log[c4/3 L ey e (ex)?? }
(a+bx2)1/3 (a+bx2)z/3 (a+bx2)1/3
+
18 b8/3 36 b8/3

Problem 773: Result valid but suboptimal antiderivative.
J\ (c X)7/3 dx
(a + bXZ)Z/3

Optimal (type 3, 131 leaves, 4 steps):



2bY/3 (cx)?/3

1+
c (cx)43 (a+bx2)1/3 ac7/3Ar'cTan[#v‘a3;#¥] ac’/3 Log[bl/3 (cx)2/3_c2/3 (a+bx2>1/3]
+ +
2b \/3 b5/3 2 b5/3

Result (type 3, 209 leaves, 10 steps):

C2/3+M 1/3 2/3 2/3 4/3 1/3 2/3 2/3
3773 Ar‘cTan[gm)L] ac?/3 Log[c2/3 _ b_(u)_} ac?/3 Log[c4/3 4 PP ex)®B bR e (ex) ]
V3 /3 (:aéfbxz)l/3 (a+bx2)2/3 (a+b x2)1/3

c(cx)*3 (a+bx?)'?

+ +

2b \/3 b5/3 3 p5/3 - 6 b5/3

Problem 774: Result valid but suboptimal antiderivative.
J\ (C X) 1/3 dx
(a +b XZ) 2/3
Optimal (type 3, 106 leaves, 3 steps):

2bY/3 (cx)?/3

/3 c1/3 ArcTan | —Seen |

Nes 3 cl/3 Log[b1/3 (c x)2/3 _¢c2/3 (a 4 bx2>1/3]

2b2/3 4b2/3

Result (type 3, 183 leaves, 9steps):

c2/3+2b1/’3 (cx)?/3
NEWS% R c1/3 Log[c2/3 - b3 (cx)?/? /3 Log[c4/3 + b/ ()2 | b3 (ex) 2
3 ¢*/? ArcTan 211/3 2/3 13
NEwE (a+bx?) (a+bx?) (a+bx?)
- - +

2b2/3 2 b2/3 4b2/3

Test results for the 349 problemsin "1.1.2.3 (a+b x*2)*p (c+d x*2)*g.m"

Problem 301: Result unnecessarily involves higher level functions.

J<1_2X2)m i

1-x2

Optimal (type 5, 62 leaves, ? steps):

2°2~/x2 (2-4x2)""" Hypergeometric2F1 | i, Lm 31 -2 x2)?]

(1+m) x

Result (type 6, 23 leaves, 1step):

1 Algebraic functions.nb | 29
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1 13 _,
x AppellF1[ =, -m, —, =, 2x?, x|
2 2 2

Test results for the 1156 problemsin "1.1.2.4 (e x)"m (a+b x"2)"p (c+d x"2)*q.m"

Test results for the 115 problemsin "1.1.2.5 (a+b x*2)*p (c+d x*2)*q (e+f x"2)Ar.m"

Test results for the 51 problemsin "1.1.2.6 (g x)"m (a+b x*2)"p (c+d x"2)"q (e+f x*2) r.m"

Test results for the 174 problemsin "1.1.2.8 P(x) (c x)*m (a+b x"2)"p.m"

Test results for the 3078 problemsin "1.1.3.2 (c x)*m (a+b x"n)*"p.m"

Problem 516: Result valid but suboptimal antiderivative.
Jx“ (a+ bxs)l/3 dx

Optimal (type 3, 120leaves, 3 steps):
. 2613 x
a2 ArcTan | —leeXl 1/3
ax? (a+bx3 L1 (arbx)27 { Nes }+a2Log[b1/3x—(a+bx3) ]

18 b 6 94/3 p5/3 18 b>/3

)1/3

Result (type 3, 173 leaves, 9steps):

2b/3
1+ X

s Py pl/3 x 2 b2/3 x2 pl/3 x
2 3\1/3 a? ArcTan| —e22” ] a?log[1- —>—*—] a’logl+ + ]
ax (a+bx ) N <a+bx3)1/3+ [ 3 ] . (a+bx3)1/3 ) (a+bx3)2/3 (a+bx3)1/3
18b 6 9+/3 b5/3 27 b5/3 54 b>/3

Problem 517: Result valid but suboptimal antiderivative.

JX (a+bx3)1/3dlx

Optimal (type 3, 94 leaves, 2 steps):



2bY/3x

(asbx3)Y/3 }

1+

a ArcTan [

lxz (a+bx3)1/3_ alog[b'x - <a+bx3)1/3}

3 3+/3 p?/3 6 b3

Result (type 3, 145leaves, 8steps):

2b1/3 x

1+ v 1/3 b2/3 52 b1/3 x
aArcTan [ —2Xl | a'-og{l_biu/z] alog[1+ 212/ 31/3}
EXZ (a+bX3>1/37 V3 B (a+bx?) . (a+bx?)? (a+bx?)
3\/?b2/3 g p2/3 18 b2/3
Problem 518: Result valid but suboptimal antiderivative.
a+bx3 1/3
j< i ) dx
XZ
Optimal (type 3, 88leaves, 2 steps):
1/3 [h ( Zbl/:sz }
bx3)1/3 bY?ArcTan| —=2—
_(a+ x) - V3 —1b1/3Log[b1/3x—(a+bx3)1/3]
X \3 2
Result (type 3, 138 leaves, 8steps):
14 2b1/3 x
a b 3\1/3 b1/3 AI"CTan[M 1 1/3 1 2/3 2 1/3
_( + X> _ V3 —*bl/SLOg[l— b X ]+7b1/3|—0g[1+ b X + b X
X V3 3 (a+bx?)*?" 6 (a+bx?)??  (a+bx®)'?
Problem 567: Result valid but suboptimal antiderivative.
X7
Ji dx
(a + bx3)2/3
Optimal (type 3, 123 leaves, 3 steps):
1+ Zb]r@x’
_5ax2 (a+bx3’)1/3 . x5 <a+bx3)1/3 . 5a2ArcTan[—‘%ﬁ'—] . 5 a2 Log[b/? x - (a+bx3)1/3}
18 b2 6b 9+/3 b8/3 18 b8/3

Result (type 3, 176 leaves, 9 steps):
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2bY/3 x

1+

3)1/3 /
5 a2 (a+bx3)1/3 5 (a+bx3)1/3 5 a2 ArcTan | —22] 5a2Log[1—&] 5a?log[1+

NES (a+bx?)¥/?

b2/3 x2 N pl/3 x

(abx®)??  (asbx?)?/? )

+ - - +

18 b2 6b 9+/3 b8/3 27 b8/3

Problem 568: Result valid but suboptimal antiderivative.

x4
[ acoey ™

Optimal (type 3, 97 leaves, 2 steps):

2613 x

1 p
2aArcTan| SO ’3"; ]

x? (a+bx?)t? alog[b'?x- (a+bx?)"?]
+ +

3b 3+/3 b5/3 3b>/3

Result (type 3, 148 leaves, 8steps):

1,200 1/3 2/3 y2 1/3
e ] 2alogfl- —2*—] alog1+ 2% b x
X2 (a+bx3)3 2aArcTan| = ] gl <a+bx3)1/3] g1+ o) + <a+bx3)1/3]
+ + -
3b 3+/3 b5/3 g p5/3 9 p5/3

Problem 569: Result valid but suboptimal antiderivative.

S S
J(a+bx3)2/3 g

Optimal (type 3, 72leaves, 1step):

2613 x

1+
ArcTan | i}:—xz\] Log[b'3 x - (a+bx?)"?]

\/?bz/3 2b2/3

Result (type 3, 122 leaves, 7 steps):

2b1/3 x

1+

13 bY/3 x b%/3 x2 b/3 x
arbx3 )Y -
Ar‘cTan[—‘E)—] LOg[l (a+bx3)1/3] Log[1+ (a+bx3)2/3 * (a+bx3)1/3]

- - +

\/?bZ/a 3 p2/3 6 b2/3

54 b8/3
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Problem 581: Result valid but suboptimal antiderivative.
X
—dx
J (1 _ X3> 2/3

Optimal (type 3, 53 leaves, 1 step):

2x

Ar‘cTan[Q—fl’x”l’g ] 1
- V3 —fLog[—x—(l—x3)1/3]
2

V3
Result (type 3, 87 leaves, 7 steps):

2x

Ar‘cTan[—“’—XzJi} 1 2

3 X X 1

- + = Log[1+ - ] - = Log[1+ ————]
/—3 6 (1_X3>2/3 (1_x3>1/3 3 (1—X3>1/3

X

Problem 2271: Result valid but suboptimal antiderivative.

X3
J(a+bx3/2)2/3 o

Optimal (type 3, 139leaves, 4 steps):

1. 200
) 5aXx (a + bx3/2)1/3 . x5/2 (a + bx3/2)1/3 . 102’ ArcTan[—(%Ji} i 5 a2 Log[b1/3 N (a N bx3/2>1/3]
9 b2 3b 9+/3 b3 9 p8/3
Result (type 3, 198 leaves, 10 steps):
2 1(2:() P, 18a’log[1- P ] saziog[1s PP, BN ]
5ax (a+bx3¥2)1 ) X5/2 (a4 b x3/2)13 ) 10 a? ArcTan | o ] _ (v 2) ) (o) (am/2)”
9 b? 3b 9+/3 b8/3 27 b¥/3 27 b¥/3

Problem 2272: Result valid but suboptimal antiderivative.

1 ax
J(a+bx3/2)2/3

Optimal (type 3, 82leaves, 2 steps):
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1+ zbl/3ﬁ’
2Ar'cTan[—(M?:)—] Log[6Y3 v/x - (a+bx¥2)1?]
B \/3 b2/3 - b2/3
Result (type 3, 140 leaves, 8steps):
1+ meﬁ pl/3 fx b2/3 x bl/3 \/x
b x¥/2) 2Log|1- Log |1+ +
- 2ArcTan [_(bF)_] - [ (a+bx3/2)1/3 } . [ (a1+bx3/2)2/3 (a+bx3/2)l/3 ]
3 b2/3 3 bp2/3 3 b%/3

Problem 2686: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J

Optimal (type 3, 15leaves, ? steps):

Xm
Va+bx"
Result (type 5, 126 leaves, 5steps):

bx" : 1 m men bx" + bx" : 3 min m bx"
X" (14 2 Hyper‘geometr‘1c2F1[2, n,om, - a} bnxmn 1+ 2 Hyper‘geometr‘1c2F1[2, 240, - a]

Va+bx" 2a (m+n) Va+bx"

bn X—1+m+n m X—1+m
- + dx

2 (a+bx“)3/2 va+bx"

Problem 2697: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J

Optimal (type 3, 26 leaves, ? steps):

2@ T b X T
b (4+m)

6 a x? X"
+ dx
b(4+m)Va+bx 2" ~Ja+bx2m

Result (type 5, 160 leaves, 5 steps):
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b x 2™ . 1 3 1+m bx 2™ 1 b x 2 . 1 +m 1-2m b x 2™
2ax3 [1+ Hypergeometric2F1l| =, - =—, - - xtm 1+ Hypergeometric2Fl| =, - =—, =—=—, - ——
a yp g [2" Z—m’ 2—m’ a ] a Yperg [2’ —m’ 2-m ’ a }

b(4+m) Va+bx2m (1+m) Va+bx2m

N

Problem 2699: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
bn X—1+m+n mX—1+m

N
J 2(a+bx”)3/2 Va+bx"
Optimal (type 3, 15leaves, ? steps):

Xm

\Va+bx"
Result (type 5, 126 leaves, 5steps):

b x" i 1 m mn b x" + bx" ; 3 men m bx"
XM /1+T Hyper‘geometr‘1c2F1{;, n, —T} bnxmn [1+ 2 Hyper‘geometr‘1c2F1[2, 240, 2 ]

Va+bx" 2a (m+n) Va+bx"

dx

Test results for the 385 problemsin "1.1.3.3 (a+b x*n)*p (c+d x"n)*g.m"

Problem 34: Result unnecessarily involves higher level functions.

dx

J(‘-,bea)?/a

a-bx3

Optimal (type 5, 483 leaves, 22 steps):
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. 2 21/3 (al/3.p1/3 x| 1 21/3 (31/3,p1/3 x|

_2 2] +

4 213 35/3 ApcTan [ — a7 ] 2 21/3 35/3 ApcTan [ —faablPP }
NE NE

7Zax(a+bx3>1/371x(a+bx3)4/37 -

\/? pl/3 \/? pl/3

2/3 1/3 45/3 2/3  aY/3b/3x
7 aZx (1+ bai) Hypergeometr‘icZFl[i, %, i, - 0] 22223 Log[2 ]

a (a+b x3)1/3
- +
5 (a+bx3)?? 3bt/3
22/3 (31/3,p1/3 2 21/3 (31/3,p1/3 21/3 (al/3+b1/3 x)
2 21/3 a5/3 Log[1+ ( * ) _ ( ) ] 4 21/3 a5/3 Log{lJr ] 21/3 a5/3 Log[z 21/3Jr
(a+b x3)2/3 (a+b x3)1/3 (a+b x3)1r’/3

y ) 2
(al/3+b1/3 x)

/ p /
22/3 (31,3”31/3 x)

(a+b x3)2/3

(a+b x3)1/3

3 pt/3 3pl/3

Result (type 6, 56 leaves, 2 steps):

ax (a+bx3)1/3Appe11F1[§, 1, —%, ;i, bx —M}

(1+M

1/3
2

Problem 35: Result unnecessarily involves higher level functions.

dx

J(a+bx3)4/3

a-bx3

Optimal (type 5, 464 leaves, 21 steps):
2.2%/2 (/24013 x|
1- ‘ 1/3 ‘ 1+ 3\1/3
2 2Y3a%3 ArcTan | ——22—]  21/3 a2/3 ApcTan [ — =20 |

flx(a+bx3>1/37 V3 - V3 B

2 \E pl/3 \E pl/3

1/3,p1/3
b3 | 2/3 . 1 02 4 b3 21/3 32/3 | og[22/3 - &box
ax (1 + 22 ) Hypergeometric2Fi | S a3 ] [ (acb 3] /2 ]

- +

2(a+bx3)2/3 3b1/3

/ / \
21/3 (a1/2.p1/3 x)
PRI -

3 b1/3

/: / /:
22/3 (a1/3+b1/3 x)

2 / / s\ 2
22/3 (31/3,p1/3 21/3 (31/3,p1/3 21/3 (31/3,p1/3 al/3.pl/3 x
21/3 a2/3 Log[lJr ( ) _ ( ) 2 21/3 a2/3 LOg[1+ } a2/3 LOg[Z 21/3 n ( ) 4

(a+b x3)2/3 (a+b x3)1/3 (a+b x3)1/3

(a+b x3)2/3

(a+b x3) 3

3 b1/3 3 b1/3 3 22/3 b1/3

Result (type 6, 55 leaves, 2 steps):

X (a+bx3)1/3Appe11F1[§, 1, -2, ;—‘, b -2

(1 bx3)1/3
L 22X

a
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Problem 36: Result unnecessarily involves higher level functions.

dx

(a+bx3) 173
J a-bx3
Optimal (type 3, 398 leaves, 14 steps):
1 2 213 (/34012 x| 14 21/3 (at/3.b1/3 x)

/ , 1/3,p1/3
21/3 ApcTan [ (asbx3] Y2 ] Ar'cTan[ acbx3) Y3 ] Log [22/3 _ le}
I /3 (a0 x?)®
\/3 al/3pl/3 22/3 /3 a1/3 p1/3 3 . 22/3 gl/3 pl/3
22/3 (al/3+b1/3 x) 2 )1/3 (al/3+b1/3 x) 21/3 (31/3,p1/3 x (al//3+b1/3 x) 2 22/3 (31/3+b1/3 x)
1/3 1/3
Log[1 + - 0 | 23 Llog[1+ v | Log[2 2¥3+ el s
<a+bx ) / (a+bx ) / (a+bx ) (a+bx ) / (a+bx ) /
- +
3 22/3 a1/3 b1/3 3 a1/3 b1/3 6 22/3 al/3 b1/3

Result (type 6, 58 leaves, 2 steps):

X (a+bx3)1/3Appe11F1[§, 1, =%, ;l, bx _ﬁ}

a(1+M

1/3
2

Problem 37: Result unnecessarily involves higher level functions.

J ! dx
(a-bx3) (a+bx3)2/3

Optimal (type 5, 452 leaves, 17 steps):
. 2 21/3 (al/3.p1/3 x) 1. 21/3 (al/3.p1/3 x

bx3)/3 bx?) Y3 3\2/3 . 3
Ar‘cTan[—‘—J—% ] Ar‘cTan[—‘—>—i/”37X | x (1 + b—x) Hyper‘geometr‘1c2F1[§, i, ‘31, -]
a a
_ - + -
22/3 /3 g4/3 p1/3 2 22/3./3 F4/3pl/3 2a (a +b x3) 2/3
1/3 11/3 22/3 (31/3,p1/3 2 21/3 (31/3 ,p1/3 21/3 (31/3,p1/3 al/3,.pl/3 x 2 22/3 (31/3,p1/3
Log{22/37 al/?+bl/ 3(] LOg[1+ ( : ) _ ( - )] Log[lJr - } Log{z 21/3 | ( /) 4 ( - )
(a+bx?)¥/? (a+bx?)?? (a+bx3)Y/? (a+bx?)¥/? (a+bx?)?/? (a+bx3)Y/?
+ - +
6 22/3 a4/3 b1/3 6 22/3 a4/3 b1/3 3 22/3 a4/3 b1/3 12 22/3 a4/3 b1/3

Result (type 6, 58 leaves, 2 steps):

bx3)2/3 1 2 4 bx bx3
X(1+ T) AppellFl[;, 1, 30 3 T,——]

a

a (a+bx3’)2/3
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Problem 38: Result unnecessarily involves higher level functions.

J ! dx
(a-bx3) (a+bx3)5/3

Optimal (type 5, 473 leaves, 21 steps):

1.2 21/3 (at/3:6%/3 x| 1 213 (at/3.51/% x)
- — 1
1/3 311/3 3 2/3 3
ArcTan| ——=2——|  ApcTan | —=2—— X (1 + bi) Hypergeometric2F1[%, 2, 4 _bx
X [ \/37 ] [ \/? } a yp g [ 3 3 3 3 3 3 a ]
_ _ N _
422 (a+bx3)?? 2 22/3./3 a7/3pl/3 4 223.[3 a7/3pl/3 2a% (a+bx?)??
/ / 22/3 (a1/3,pt/3 x) 2 21/3 (al//3+b1/3 x) 21/3 (31/3,p1/3 x (al//3+b1/3 x) 2 22/3 (al//3+b1/3 x)
23 alupVix ( s
Log[2%/3 - >]  Log[1+ - — Log[1 + —] Log[2 2'3+ e+ —
(a+bx?) ¥ (a+bx?) / (a+b )" (a+bx?) ¥ (a+bx?)* (a+b )
- +
12 22/3 37/3 p1/3 12 22/3 37/3 p1/3 6  22/3 37/3 p1/3 24 22/3 37/3 p1/3

Result (type 6, 58 leaves, 2 steps):

bx3 | 2/3 1 5 4 bx2 by
x(1+ - ) Appe11F1[3,1, 2, 8, 00,0 ]

a2 (a+bx3’)2/3

Problem 39: Result unnecessarily involves higher level functions.

J ! dx
(a-bx?) (a+bx3)8/3

Optimal (type 5, 492 leaves, 22 steps):

2292 (a/2.0%/2x) L2 (at/2:09/2 x)
, N )
1/ N 1/ 2/3
ArcTan| ——222-—]  ApcTan| —22—] gy (1 + M) Hypergeometric2F1[1
X ) 13 x - [ V3 ] B [ J3 } . R yperg [ E
10a% (a+bx?)*? 4ea’ (a+bx3)?? 4 223./3 al03pl3 g 22/3./3 ale/3pls3 202° (a+bx?)*?
1/3 11/3 22/3 (31/3,p1/3 2 21/3 (31/3,p1/3 21/3 (31/3,p1/3 al/3.pl/3 x 2 22/3 (31/3,p1/3
LOg[ZZB—w] LOg[1+ ( - ) _ ( - ) Log[1+ / } Log{z 21/3 | ( ) + ( : )
(a+b x3)1/3 (a+b x3)2/3 (a+bx3)1’3 (a+b x3)1/3 (a+b x3)2/3 (a+bx3)1/3
- +
24 22/3 a10/3 b1/3 24 22/3 a10/3 b1/3 12 22/3 a10/3 b1/3 48 22/3 a10/3 b1/3

Result (type 6, 58 leaves, 2 steps):

bx?\2/3 1 8 4 bx bx3
X (1+T) AppellFl[;, 1, ;, ;, 2 ? - a ]

a3 (a+bx3)2/3
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Problem 86: Result unnecessarily involves higher level functions.

(a+bx3)8/3
Ji dx
c+dx3
Optimal (type 3, 331 leaves, 5steps):
1+ 262 x 1+2(bcfad}1’3x
_b (6bc-11ad) (a+bx3)2/3 ) b x (a+bx3)5/3 ) b?/3 (9b*c?-24abcd+20a%d?) Ar‘cTan[—‘——\/”?‘ ] ) (bc-ad) Ar‘cTan{—‘—)—Bb ] )
18 d? 6d 9+/3 d? 3 /3 ¢3

(bc-ad)®’ Log[c+dx?] (bc-ad)®? Log| bcfl?;l/zx - (a+bx?)™?]
+

b2/3 (9b%c2-24abcd+20a2d?) Log[-b3x+ (a+bx?)?]
6c2/3 d3 2 C2/3 d3 18 d3

Result (type 6, 62 leaves, 2 steps):

a?x (a+bx3)2/3AppellF1[§, 72, 1, 4, b2 7ﬁ]

C (1+ M)ZB

a

Problem 87: Result unnecessarily involves higher level functions.
" 3\5/3
J(a b x3) x
c+dx3
Optimal (type 3, 273 leaves, 4 steps):

/ 1/3
1,20 1, 2(bcad)Px

bx (a+bx?)? b3 (3bc-5ad) ArcTan[——)—’i}b; ] (bc-ad)®?ArcTan| —<teesi 33*“3‘1/3 ]

- + +
3d 343 a2 V3 3 a2
(bc-ad)®’Log[c+dx?] (bc-ad)®” Log| bcj;?;llgx_(aJ'bXS)l/B] b23 (3bc-5ad) Log[-b3x+ (a+bx?)?]
— +

6 c2/3 d2 2 C2/3 d2 6 d2
Result (type 6, 60 leaves, 2 steps):

ax (a+bx3)2/3Appe11F1[§, 5,1, 4 _bX —ﬁ]

b x3 2/3
( )
a
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Problem 88: Result unnecessarily involves higher level functions.

<a+bx3)2/3 4
~— dx
J c+dx3

Optimal (type 3, 233 leaves, 3 steps):

1+ 2613 x 1+2<bc7ad)]'/3x
b2/3 ArcTan [ arbx3) Y3 ] (b c-a d) 2/3 ArcTan [ /3 (asbx3)Y/3 }
s ; )
\/3 d A3 /34
(bc-ad)?’Log[c+dx?] (bc-ad)*? Log[ibc;;;m‘ (a0 ] pars Log[-b¥3x+ (a+bx3)'?]
+ _
6C2/3d 2c2/3d 2d

Result (type 6, 59 leaves, 2 steps):

2 4 b x3 dx3
21,4 _bx o dx
377 3 a c ]
2

C (1+M> ?

x (a+bx3)?? AppellFl[i, -

Problem 89: Result valid but suboptimal antiderivative.

j 1 dx
(a+bx3)1/3 (c+dx3>

Optimal (type 3, 148 leaves, 1step):

2 (bc-ad)*?x

1+= 1/3 ( ) /
ArcTan | v?b -] Log[c +dx3] Log | bcj:jsl/ax - (arbx?) ']
. _
NEWSE (bc—ad)1/3 6 c2/3 (bcfad>1/3 2?3 (bc—ad)l/3

Result (type 3, 207 leaves, 7 steps):
c1/3, 2(bcad 13y s beoad
asbx3) Y3 — -
Ar‘cTan[—f—>—ﬁ :1/3 ] Log|c _(—)—(a+bx3)1/3 | Log|c
+

\/?CZ/S (bc-ad)1/3 - 3 c2/3 (bc—ad)1/3 6 c2/3 (bc—ad)1/3

2/3 (bc-ad)?/3x? + cl/3 (bc—ad)1/3x]
(a+bx?)?/? (a+bx?)V/?

Problem 90: Result valid but suboptimal antiderivative.

J 1 dx
(a + bx3)4/3 (c +dx3>
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Optimal (type 3, 179 leaves, 2 steps):

2 (bc-ad)¥?x
¥

1 )
d Log[ (bc-ad)Px <a +bX3)1/3}

b x d Ar‘cTan[ - %bx“z } d Log [c +d x3] Y
- - +
6 c2/3 (bc—ad)‘”3 223 (bc—ad)‘”3

a(bc-ad) (a+bx3)1/3 V3 3 (bc-ad)*?

Result (type 3, 238 leaves, 8steps):

11/3

/3,2 (bc-ad) i
e /3 (bc—ad)l/3x]

_ 2/3 2
2/3, (bccad)?Px* |

; _ /3
(asbx?)¥? dLog|cl/3 _ (bc-ad : X dLog|c p
b x dAr‘cTan[ ey ] g[ (arb )V } g[ (asbx*) > (a+bx3)1/3
_ 4 _
6 c2/3 (bc:—ad)‘”3

a(bc-ad) (a+bx?)¥? /3 23 (bc-ad)*? 3¢2? (bc-ad)*?

Problem 91: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J 1 dx
(a+bx3)7/3 (c+dx?)

Optimal (type 3, 226 leaves, 4 steps):

3

1, 2lbc ad)'’x
cl,'! “'a+bx3\1 3 ]
3 d? Log[c + d x?]
+ -

.
V3 23 (bc-ad)”? 6c¥? (bc-ad)’”?

b x b (3bc—7ad) X dzAr'cTan[ d? Log[ bbalil/zx - <a+bx3)1/3}
Y

N
4a (bc—ad) (a+bx3)4/3 4 32 (bc—ad)2 (a+bx3)1/3

2 c2/3 (bc—ad)”3

Result (type 5, 621 leaves, 2 steps):
! 70c* (bc-ad) x? <a+bx3)2+195c3d (bc-ad) x® (a+bx3)2+

40 c* (bc—ad)zx5 (a+bx3>w/3
45 c? d? (bc—ad) x° (a+bx3)2+280c5 (a+bx3)3+426c4dx3 (a+bx3)3+180c3d2x6 (a+bx3)3—

1 4 (bc-ad)x?
N c(a+bx3)

w |

bc-ad) x3
:, %} -420c*dx® (a+bx?) > Hypergeometric2F1 |
c(a+bx

280 ¢® (a+bx?) > Hypergeometric2F1| l, 1,
3
10 13 (bc—ad) x3}

bc-ad) x3
180 > d? x°® (a +bx3)3Hyper‘geometr‘icZFl[l, 1, i, u} -33¢c? (bc-ad)’® x? Hypergeometric2F1[2, —, —,
3 3 c(a+bx®) 33 ca+bx?)

bc-ad) x3 bc-ad) x®
60cd (bc—ad)3x12 Hypergeometric2Fi|2, E, E, M] -27d? (bc—ad)3x15 Hypergeometric2Fi|2, E, E, u
33 c(a+bx®) 33 c(a+bx)

3,12

bc-ad) x3
10, g, By, bemad i beoad)ix

9c? (bc-ad)?x°HypergeometricPFQ[{2, 2, —1, {1, S
( )" Hypere teProl{ 3} { 3} c(a+bx?)
bc-ad) x3 bc-ad) x3
Hyper‘geometr‘icPFQHZ, 2, —}, {1, E}, w} -9d? (bc:—ad)?’x15 Hyper‘geometr‘icPFQHZ, 2, E}, {1, E}, M
3 3 ¢ (a+bx?) 3 3 c (a+bx?)
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Problem 92: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J = dx
<a+bx3)m/3 (c+dx?)

Optimal (type 3, 280 leaves, 5 steps):
b x b(6bc-13ad) x b (18b2c?-57abcd+67a?d?) x

+ +
7a(bc-ad) (a+bx3>7/3 28 a2 (bcfad)2 (a+bx3)4/3 28 a3 (bcfad)3 (a+bx3)1/3

1 Z(bc—ad]J/zrx
d3Ar‘cTan{i\/‘?ﬂi] o3 Log [ Be2dl2x (5, py3) 23]

d® Log[c + d x?] Y

- +
V3 22 (bc-ad)®? 6c*3 (bc-ad)™? 2¢?? (bc-ad)¥?

Result (type 5, 1172 leaves, 2 steps):



1

- 7280 ¢® (bc-ad)?xS
5096 c® (bc—ad)3x8 (a+bx3)13/3

(a+bx3)2+16380c4d (bc—ad)zx9

(a+bx3)2+14@40c3d2 (bc—ad)2x12

4212 c2d? (bc—ad)le5 (a+bx3)2+12740c6 (bc—ad) x3 (a+bx3)3+28665c5d (bcfad) x® (a+bx3)3+
24570 c*d? (bc-ad) x° (a+bx?)>+7371c3d® (bc-ad) x*2 (a+bx*)’+50960c” (a+bx?)*+114660cd x> (a+bx3)*+

L 4 (bc-ad) x?
N c (a+bx?)
1 4 (bc-ad) x®
S ¢ (a+bx?)

114660 c®d x*> (a + b x*) * Hypergeometric2F1 |

W | =

29484 c*d*>x° (a+b x3)4 Hypergeometric2F1 |

w |

5 B 4 15 . 13 16
15246 c>d (b c - ad)* x*® Hypergeometric2F1[2, —, —,
3 cla+bxX®)

bc-ad) x3
13608 c d? (bc—ad)“x18 Hypergeometric2Fi|2, E, E, 7( c-ad)x | -4158d° (bc-ad)
33 c(a+bX)
bc-ad) x3
Hypergeometric2Fi|2, E, E, 7< c-ad) X | -2646 c* (bc-ad)*x'? HypergeometricPFQ[{2, 2,
33 c(a+bxX®)
bc-ad) x3
7560 c2 d (bc—ad)“x15 HypergeometricPFQ[ {2, 2, E}, {1, E}, M ~
3 3 ¢ (a+bx?)
bc-ad) x3
7182 ¢ d? (bc—ad)“x18 Hyper‘geometr‘icPFQ[{z, 2, E}, {1, E}, &] ~
3 3 c (a+bx?)
bc-ad)x3
2268 d* (b c - ad)* x* HypergeometricPFQ[{2, 2, E}, {1, E}, 7< c-ad)x _
3 3 ¢ (a+bx?)
bc-ad) x3
378 c3 (bc—ad)“x12 Hyper‘geometr‘icPFQHZ, 2, 2, E}, {1, 1, E}, 7( c-ad)x ] -
3 3 ¢ (a+bx?)
bc-ad) x3
1134 c%d (bcfad)“x15 HypergeometricPFQ[{z, 2, 2, E}, (1, 1, 16 & -
3 3 c (a+bx3?)
bc-ad)x3
1134 ¢ d? (b c - ad)* x™® HypergeometricPFQ[ {2, 2, 2, E}, (1,1 16 M} )
3 c (a+bx?)
16 (bc-ad)x®

378 d> (b c - ad)® x*' HypergeometricPFQ[{2, 2, 2, E}, {1, 1,
3

(bcfad)x3

C (a+bx3>

3 ¢ (a+bx3)

| -98280 c®d*x° (a+bx*)*Hypergeometric2F1 |

] -5796 c* (bc-ad)*x'?Hypergeometric2Fi|2,

4
X21

13 16
ST

bc-ad) x3
98280 c” d? x° (a+bx3)4+29484 ctd3x® (a+bx3)4—50960 c’ (a+bx3)4Hyper‘geometricZFl[l, 1, i, M
3

(bc—ad) x3

}s
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(a+bx3)2+

bc-ad) x3
1,4 [be-ad)e,

c (a+bx?)

} _

C (a+bx3)
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Problem 98: Result unnecessarily involves higher level functions.

b 3)\8/3
J(a+ x) ix

<c+dx3)2

Optimal (type 3, 351 leaves, 5 steps):

1,20 1, 2 (bc-ad)’x

b(ZbCfad)X<a+bX3)2/3_(bcfad)x(a+bx3)5/3 2b5/3(3bc—4ad)Ar‘cTan[4i}L—:)i] 2(bc—ad)5/3(3bc+ad)Ar‘cTan[$\/‘2j—*”i]

3 cd? 3cd (c+dx?) ) 3+/3 d3 : 34/3 ¢5/3 ¢3 "
(bc-ad)®? (3bc+ad) Log[c+dx?] (bc-ad)*? (3bc+ad) Log[lbc;;i&*@*bxﬂlﬂ] b3 (3bc-4ad) Log[-b*3x+ (a+bx3)'?]
9c°/3dg3 h 3¢c°/3d3 i 3d3

Result (type 6, 62 leaves, 2 steps):

a2x (a+bx?)?? AppellF1[L, - &, 2, 4, 0¥ _d<)

1

3
3\2/3

c? (1+ bx? )

a

Problem 99: Result unnecessarily involves higher level functions.

J(a+bx3)5/3

(c+dx3')2

dx

Optimal (type 3, 301 leaves, 4 steps):

) (bc—ad>x<a+bx3)2/3 +b5/3Ar‘cTan[4%J'—] i (bc—ad)2/3 (3bc+2ad)ArcTan[;v(a3;A)’—] )
3cd (c+dx?) NEXC 33 53 g2
(bc-ad)?? (3bc+2ad) Log[c+dx3] (bc-ad)*? (3bc+2ad) LOg[le;:lf;&— (a+bx3)*?]  psi3 Log[-b™3x+ (a+bx?)™?]
18c5/3 d2 - 6C5/3 d2 N 2d2

Result (type 6, 60 leaves, 2 steps):

ax (a+bx3)2/3Appe11F1[§, —3, 2, %, —bai - 42

3\2/3
c? (1+ bx? )

a



1 Algebraic functions.nb | 45

Problem 100: Result valid but suboptimal antiderivative.

dx

J(aerx-”)Z/3

<c+dx-”)2

Optimal (type 3, 182leaves, 2 steps):

2 (bc-ad)'?x

1+ 3 a+ )(31/3 —(—)—7 1//
X(a+bx3>2/3+2aAr‘cTan[ C/vr; ] . alog[c+dx3| _aLog[ bccali 3X’<a+bxa>l/3}
3c(c+dx?)  34/3 ¢5/3 (bc-ad)?? 9c*? (bc-ad)*? 3¢ (bc-ad)'?

Result (type 3, 241 leaves, 8steps):
c1/3+2(bc;ad)]’/3x bal { 13 bcoad 1/3)(] L [ 2/3 (bc-ad)?3x? c1/3 (bc—ad)1/3x]
()P alog[ct/3_ {bcad P x alog|ce?+ +
X (a +b X3> 2/3  2aArcTan [ NEWSE ] g (a+b x3)1/3 & (a+b x3)2/3 (a+b x3)1/3
+

N
3¢ (c+dx?) 373 3 (bc-ad)*? 9¢°3 (bc-ad)?? 9¢*? (bc-ad)??

Problem 101: Result valid but suboptimal antiderivative.

J ! dx
(a+bx3)1/3 (c+dx3>2

Optimal (type 3, 217 leaves, 2 steps):

Z(bc—ad\lr/zx
+ )

1

d x (a+bx3)2/3 (3bc—2ad) Ar‘cTan[ cj/g\gbxa‘w] (3bc—2ad) Log[c+dx3] <3bc72ad> Log[ bcj:;il/zx B (a+bx3)1/3}
- + + -
3c(bc-ad) (c+dx?) 343 ¢ (bc-ad)*? 18¢3 (bc-ad)*? 6c>3 (bc-ad)*?

Result (type 3, 276 leaves, 8 steps):

1/3
c1/3+2 (bc-ad)*x

_ (as)YP
dx (a+bx?) 2 (3bc-2ad) ArcTan| ﬁcbl/s ]
_ N _
3c(bc-ad) (c+dx?) 3+/3 ¢5/3 (bcfad>‘”3

(3bC —2ad) Log[c1/37 (bc—ad)1/3x] (3bC 72ad) LOg[CZ/B N (bc-ad)?3x? N c/3 (bc—ad)l/Bx}
(a+bx3)1/3 (a+bx3)2/3 (a+bx3)1/3

+

9¢2 (bc-ad)*? 18 ¢>/3 (bc—ad)‘”"’
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Problem 102: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J ! dx
(a+bx3)4/3 (c+dx3>2

Optimal (type 3, 261 leaves, 4 steps):
b (3 bc+a d) X d x

3ac (bc—ad)2 <a+bx3)1/3 3¢ (bc—ad) (a+bx3)1/3 (c+dx3)

1+2r\hc—ad]1"3’x
2d (3bc-ad) Ar‘cTan[‘—'j;A‘”—] d(3bc-ad) Log[c+dx?] ) d(3bc-ad) Log|

_ //
- bc ad)13x7<a+bx3)1/3}

cl/3

34/3 ¢5/3 (bc—ad)”3 ) 9c5/3 <bc—ad)7/3 3 ¢5/3 (bc—ad)”3

Result (type 5, 625 leaves, 2 steps):
1

426 (bc-ad)?x (c+dx?)

23 13720dx®> 6300d2x® 525 (bc-ad)x® 1890d (bc-ad)x® 945d? (bc-ad)x® 1
¢ (a+bx?) 6860 + + - - - - 6860 Hypergeometric2F1[ —, 1,

C c? c (a+bx?) c? (a+bx3) 3 (a+bx3) 3

13720d x3 Hyper‘geometr‘icZFlE, 1, 2 M} 6300 d? x° Hyper‘geometr‘icZFl[i, 1, ;l, M]

4 (bc—ad) X3 3’ c(a+bx3) c(a+bx3)
— - - +
37 ¢ (a+bx?) c c?
2240 (bc-ad) x? Hyper‘geometr‘iczFl[i, 1, i, %] 5320d (bc-ad) x° Hyper‘geometr‘icZFl{%, 1, ‘31, %)3)&}
c(a+bx3) " c (a+bx?) '

2520d? (bc-ad) x° Hyper‘geometr‘icZFlE, 1, ‘31, %} 54 (bc—ad)3x9 HypergeometricPFQ| {2, 2, i}, {1, ?}, %}

3 (a+bx?) 3 (a+bx3)?

108d (bc—ad)sx12 HypergeometricPFQ[{2, 2, %}, {1, 2}, M]

3 c (a+bx?)

c4 (a+bx3>3

54d? (bc-ad)’x!® HypergeometricPFQ| {2, 2, %}, {1, 23, M]

cs <a+bx3’)3
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Problem 103: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J ! dx
(a+bx3)7/3 (c+dx3>2

Optimal (type 3, 324 leaves, 5steps):
b(3bc+4ad)x b<9b2c2733abcd74a2d2)x dx
+

- +

12ac(bcfad)2(a+bx3>‘”3 12a2c(bcfad)3(a+bx3>1/3 3c(bc-ad) (a+bx3)4/3(c+dx3)

2 (be-ad) ¥’ x
p2(bcmad)7ix

1
d> (9bc-2ad) ArcTan[_cwE,xs =] ¢ (9bc - 2ad) Log[c+dx] d> (9bc-2ad) Log[_gbcfcali)l/ax _ <a+bx3)1/3}

3+/3 ¢5/3 (bc—ad)m/3 18 ¢5/3 (bc—ad)19/3 6 c5/3 (bc—ad)le/3

Result (type 5, 1214 leaves, 2 steps):



48 | 1 Algebraic functions.nb

1

21840 ¢5 (bc—ad>3x8 (a+bx3)w/3 (c+dx?)
26130 ¢’ (bc—ad)zx6 (a+bx3)2+89505c4d (bc—ad)zx9 (a+bx3)2+84240c3d2 (bc—ad)zx12 (a+bx3)2+

26325c2d® (bc-ad)®x™® (a+bx*)?+748020c® (bc-ad) x* (a+bx?)*+2113020c°d (bc-ad) x® (a+bx?) +
1916460 c*d? (bc-ad) x° (a+bx?)®+ 589680 c*d® (bc-ad) x?? (a+bx*)’-2002000c” (a+bx*)*-5460000c®dx> (a+bx?)*-

bc-ad) x3
4914000 c> d? x° <a+bx3)4—1506960c4d3x9 (a+bx3)4—1248520c6 (bc-ad) x* (a+bx3)3Hyper‘geometricZFl[l, 1, 4—, 7( c-ad)x ] -
3 3 c(a+bx3)
bc-ad) x3
1, -, M]—3144960c4d2 (bc-ad)x® (a+bx?)?

3478020 c°d (bc-ad) x® (a+bx*)> Hypergeometric2Fl| =,
3 c(a+bx®)

w\l—\
IN

1 4 (bc-ad)x? 1 4 (bc-ad)x?
Hypergeometric2F1[ =, 1, —, ————————| - 966420 c>d> (bc - ad) x'? (a+bx*)’ Hypergeometric2F1[ =, 1, —, ———————| +
3 3 c(a+bx®) 3 3 c(a+bx®)
, 1 4 (bc-ad)x? 1 4 (bc-ad)x?
2002000 c’ (a+bx? ) Hypergeometric2F1[ =, 1, —, ————————| +5460000 c®d x> (a+ b Xx? ) Hypergeometric2F1[~, 1, —, ————————] +
3 3 c(a+bxX®) 3 3 c(a+bX)
1 4 (bc—ad) x3 .
4914000 c> d* x® (a+b x> ) Hypergeometric2F1[ =, 1, —, ————————| + 1506960 c* d*> x° (a + b x*)
3 3 c(a+bx®)
1 4 (bc—ad)x3 . 10 16 (bc—ad)x3
Hypergeometric2F1[~, 1, —, ~—————] + 7938 3 (bc-ad)®x*? Hyper‘geometr‘lcPFQ[{ 2, —}, {1, =}, ————
3 3 c(a+bx®) 3 3 c (a+bx?)
bc-ad) x3
22680 c?d (bc—ad)“x15 HypergeometrlcPFQ[{ 2, E}, {1, E}, & +
3 3 c (a+bx?)
10 16, (bc-ad)x®

21546 cd? (bc -ad)* x'® HypergeometricPFQ[{2, 2, —}, {1, —}, ]+
3 3 ¢ (a+bx?)

bc-ad) x3
6804 d* (b c - ad)*x* HypergeometricPFQ[{2, 2, E}, {1, E}; fbe-ad) <
3 3 c (a+bx?)

bc-ad) x3

1134 ¢ (bc - ad)* x*? HypergeometricPFQ[ {2, 2, 2, E}, (1,1, E}, (be-ad) ¥ ] +
3 3 c (a+bx3)

bc-ad) x?

3402 c?d (bc -ad)*x' HypergeometricPFQ[{2, 2, 2, E}’ (1,1, E}, (bc-ad)x e
3 3 ¢ (a+bx?)

bc-ad) x3

3402 c d? (b c - ad)* x*® HypergeometricPFQ[{2, 2, 2, E}, (1,1, E}, (bc-ad)x®
3 3 ¢ (a+bx?)

]

]+

bc-ad) x3
1134 d3 (bc—ad)‘lx21 Hyper‘geometr‘lcPFQ[{Z, 2,2, g}, {1, 1, E}, M
3 3 c (a+bx3)
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Problem 109: Result unnecessarily involves higher level functions.

dx

J(a+bx3)14/3

(c+dx3)3

Optimal (type 3, 541 leaves, 7 steps):

b(2bc-ad) (18b?c?2-18abcd-5a2d?) x (a+bx*)?? b (18b2c?-10abcd-5a*d?) x (a+bx3)®>
- . -
18 c? d* 18 c2 d?

2bY/3 x

1+

(bc-ad)x (a+bx*)? (bc-ad) (12bc+5ad)x (a+bx?)®? b8/3(54b2c27126abcd+77a2d2)ArcTan[—ﬁ—)—y';jl’”]

+ —

6cd(cedx)? 182 d? (c+d ) 93 d°

142 (bc-ad)??x

(bc-ad)®’ (54b%c?+18abcd+5a’d?) ArcTan| c],f}\/zszm] (bc-ad)®? (54b?c2+18abcd+5a2d?) Log[c+dx?]

- +

9+/3 83 d° 54 c8/3 d°

(bc—ad)s/3 (54b2c?+18abcd+5a?d?) Log[M&— (a+bx3)1/3] b8/3 (54b2 >~ 126abcd+77 2% d?) Log |- b/ x + (a+bx3)1/3]

/3

18 c8/3 d° 18d°

Result (type 6, 62 leaves, 2 steps):

a* x (a+bx3)2/3AppellF1[§, —%, 3, &, -bX —M]

3
c3 (1 4 b

2/3
’)

Problem 110: Result unnecessarily involves higher level functions.

dx

J(a+bx3)n/3

(c+dx3)3

Optimal (type 3, 458 leaves, 6 steps):
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b (18b*c?-7abcd-5a2d?) x (a+bx3)2/3 (bc-ad) x (a+bx3’)8/3
18 c2d? 6cd(c+dx3)2

2b1/3 x

1+

b®3 (9bc-11ad) Ar‘cTan[Mi}
\/?

(bc-ad) (9bc+5ad) x (a+bx3)5/3
18 c2d? (c+dx3) 34/3 d

+

1.2 (bc-ad)?x

(bc-ad)®? (27b?c?+12abcd+5a%d?) ArcTan| cj/’:/a;xzm] (bc-ad)®? (27b2c?+12abcd+5a%d?) Log[c+dx}]
N _

9+/3 c8/3 ¢4 54 c8/3 g4

(bc—ad)S/3 (27b2c? +12abcd+5a? d?) Log[mm— (a+bx3)1/3] b83 (9bc-11ad) Log[-b¥/3 x + (a+bx3>1/3]

/3

+

18 c8/3 g4 6 d*

Result (type 6, 62 leaves, 2 steps):

a3 x (a+bx3)2/3AppellF1[i, —%, 3, 4, b2 —M]

3 a C

3
C3(1+bi

2/3
2

Problem 111: Result unnecessarily involves higher level functions.

dx

J(a+bx3)8/3

(c+dx3)3

Optimal (type 3, 391 leaves, 5steps):

(bc-ad)x (a+bx*)®> (bc-ad) (6bc+5ad)x (a+bx3)?? b®/3 ArcTan [ —2= |

— — + —

6cd(c+dx3>2 18 c2d? (c+dx3) NEW'E

1+ 2 (bc-ad)*?x

(bc-ad)?? (9b?c2+6abcd+5a2d?) Ar‘cTan[#‘\"’EL‘”i} (bc-ad)®? (9b2c?+6abcd+5a’d?) Log[c+dx’]
- +

9+/3 c¥3d3 54 83 d?

(bc—ad)Z/3 (9b?c2+6abcd+5a2d?) Log[M&— (a+bx3)1/3] b8/3 Log [ b3 x + (a+bx3>1/3]

C1/3

18 /3 ¢d3 2d3

Result (type 6, 62 leaves, 2 steps):
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a?x (a+bx?)*? appellF1[%, -8, 3)% bx® @]

1

3
3\2/3

c3 (1+ bi)

a

Problem 112: Result valid but suboptimal antiderivative.

dx

J(a+bx3)5/3

<C+dx3)3

Optimal (type 3, 217 leaves, 3 steps):

2 (bc-ad)¥3x

1+ 5 Y
x (a+bx3)%7 Sax(a+bx?)2? 5a2Ar‘cTan[;—J—°1’q\g’*3 =] 5% Log[c + d x*] 5 a2 Log[i—)—bc’c""li”x - (a+bx?)?]
+ + -
6c(c+dx?)® 18¢c? (c+dx?) 93 &3 (bc-ad)'? 54c83 (bc-ad)*? 18¢®3 (bc-ad)'?

Result (type 3, 276 leaves, 9 steps):

1/3 Z(bcfad)]/rax i
2 A Y 5a2log|cl/3_ (bc-ad)¥/3x 5232 Log|c2/3 + (bc-ad)?/3x? + /3 (bc-ad)V3x
5 a2 ArcTan | ——=2X—— g g
1/3 a+bx a+bx a+b x
N \/?c 3\1/3 N 312/3 3\1/3

6c(c+dx?)? 18c? (c+dx?) 9+/3 &3 (bc-ad)"? 27¢%3 (bc-ad)?? 54c®3 (bc-ad)*?

X (a+bx3)5/3 5ax (a+bx3)2/3
+

Problem 113: Result valid but suboptimal antiderivative.

(a +b X3) 2/3

J ST ax
(c +d x3) 3

Optimal (type 3, 267 leaves, 3 steps):

1+ 2 (bc-ad)x

_ dx (a+bx?)? +<6bC75ad>X<a+bX3>2/3+a(6bc—5ad)Ar‘cTan[_c’/'zgxsw]+
6c (bc-ad) (c+dx?)? 18c? (bc-ad) (c+dx’) 93 &3 (bc-ad)*?

a(6bc-5ad) Log[c+dx?] @ (6bc-5ad) Log| pesadix (a+bx?)'?]

/3

54 c8/3 (bcfad)‘”3 18 c8/3 (bcfad)‘”3

Result (type 3, 326 leaves, 9 steps):
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1/3
C1//3+2 (bc-ad)'®x

asbx3) Y3
dx (a+bx?)>? (6bc-5ad) x (a+bx?)?? a(6bc-5ad) ArcTan| ﬁ;/; ]
_ N N _
6c(bc-ad) (c+dx?)? 18c? (bc-ad) (c+dx3) 93 3 (bc-ad)*?

a <6bC— 5ad) Log[c1/3— M&] a (6bc 75ad) Log[c2/3 + (bc-ad)¥3x? N c1/3 (bc—ad)l/Bx]
(a+bx3)1/3 (a+bx3)2/3 (a+bx3)1/3

+
27 c8/3 (bc—ad>4/3 54 c8/3 (bc—ad)‘”3

Problem 114: Result unnecessarily involves higher level functions.

J ! dx
(a+bx3)1/3 (c+dx3‘>3

Optimal (type 3, 307 leaves, 4 steps):

2 (bc-ad)¥3x
. )

1

) dx (a+bx3)?> _d(gbcfsad>x<a+bxs)2/3+<9b2c2—12abcd+5a2d2)ArcTan[ﬁv‘%b—*aﬁ]+
6c (bc-ad) (c+dx3)2 18c2(bc—ad)2<c+dx3) 9+/3 ¢8/3 (bc—ad)”3

(9b2c2-12abcd+5a%d?) Log[c+dx®] (9b?c?-12abcd+5a?d?) Log[‘—)—b“acl Bx _ (a+bx3)1/3}

cl/3

54c33 (bc-ad)’”? 18c®3 (bc-ad)’”?

Result (type 5, 167 leaves, 2 steps):

X

cd (3b2cx3 <4c+3dx3) -aZd (8c+5dx3) +ab (12c2+cdx3—5d2x6)) -

4 (bc-ad) x3]
3)

2 (9b*c*-12abcd+5a*d?) (c+dx3)2Hyper‘geometr‘ic2F1[
¢ (a+bx?)

w | =

JlJ

|/ (18 (pe-aa) (ae00) (coa)?)

Problem 115: Result unnecessarily involves higher level functions.

J ! dx
(a+bx3)4/3 (c+dx3)3

Optimal (type 3, 377 leaves, 5steps):
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d x b(6bc+ad) x

- + +

6c(bc-ad) (a+bx3)1/3 (c+dx3)2 6ac (bc—ad)2 (a+bx3)1/3 (c+dx?)

V1/3
1+ 2 (bc-ad)?x

d (18b%c?+15abcd-5a2d?) x (a+bx3)? d (27b2c2—18abcd+5a2d2>Ar‘cTan[L&“zﬁ}

18ac2(bc—ad)3<c+dx3) ) 9\/?c8/3(bc—ad)1e/3

/3

d(27b?c?-18abcd+5a2d?) Log|c+dx?] d (27b*c’-18abcd+5a*d’) Log| beadix (a+bx?)7]

+

54 c8/3 (bc—ad)le/3 18 c8/3 (bc—ad)m/3

Result (type 5, 428 leaves, 2 steps):
1

16380.¢5 (bc-ad)?x® (a+bx?)7? (c+dxP)?

65 c? (a+bx3)2 14000 a2 c®> +21896abc® x> +48104 a2 c*d x> +8391b%c®>x® +70802abc*dx® + 60807 a2 c3d?x® +24417b% c*d x° +

81534 abc3d*x®+33657a%c?d®x®+23409b2c3d?x* +38652abc?d?x??+7155a%cd*x'?+7425b%c?>d>x?® +5940abcd*x?+
2432 d°x** - 28 (c+dx?)? (2702 c?x® (7c+6dx®) +9abex® (73¢?+104cdx® +33d2x°) + a2 (500 >+ 843 c2dx® +375 cd?x® + 27d* x°) )
1 4 (bc—ad)x3
Hypergeometric2F1[~, 1, —, ~—————— || -
3 37 ¢ (a+bx3)
7 16 bc-ad) x3
486 <bc—ad)4x12 (c+dx3)3Hyper‘geometr‘icPFQ[{z, 2,2, =}, {1, 1, —}, Q
3 3 C <a+bx3)

Problem 116: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J ! dx
(a+bx3)7/3 (c+dx3>3

Optimal (type 3, 463 leaves, 6 steps):
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d x b(3bc+2ad) x b (9b?c?-42abcd-2a?d?) x

- + + +

6c(bc-ad) (a+bx3)4/3(c+dx3)2 12ac(bc—ad)z(a+bx3)4/3(c+dx3) 1232c(bcfad)3(a+bx3)1/3(c+dx3)

2 (bc-ad)3x
4

1
d (27033 -135ab?c>d-42a2bcd?+10a°d) x (a+bx})? d? (54b*c?-24abcd+5a%d?) Ar‘cTan{ﬁ\)%*‘—}

+ +
36a2c? (bc-ad)* (c+dx?) 9+/3 8’3 (bc—ad)B/3
d? (54b%c2-24abcd+5a%d?) Log[c+dx?| d* (54b>c’-24abcd+5ad’) Log| bcjlil/ax - (a+bx?)™?]
54 c8/3 (bc—ad)B/3 18 c8/3 (bc—ad)B/3

Result (type 5, 1990 leaves, 2 steps):
1

524160 c® (bc-ad)*x™ (a+bx3)*? (c+dx3)?
522756 c® (bc—ad)Bx9 (a+bx3)2+1516320c5d (bc—ad)3x12 (a+bx3)2+2198664c4d2 (bc—ad)3x15 (a+bx3)2+

1415232 c3 d3 (bc—ad)sx18 (a+bx3)2+341172c2d4(bc—ad)3x21 (a+bx3>2+28042560c7 (bc—ad)zx6 (a+bx3)3+
107602560 c°d (bc-ad)*x® (a+bx?)®+157697280 c°d? (bc-ad)®x™ (a+bx®)’+101088000c*d* (bc-ad)?x* (a+bx?)’+
24261120 c*d* (bc-ad)’x™® (a+bx*)’ - 265470660 c® (bc-ad) x* (a+bx?)*-1019636800c’ d (bc-ad) x® (a+bx3)*-
1466086440 c®d? (bc-ad) x* (a+bx*)?-930252960c°d® (bc-ad) x*? (a+bx®)* 221899860 c*d* (bc-ad) x** (a+bx*)*+
335877360 ¢® (a+bx?)”+1279532800 c®d x> (a+bx?)®+1823334240 ¢’ d®x® (a+bx?)*+1151579520c®d*x* (a+bx*)° +

3
273939120 c* d*x*? (a+bx*)° - 67420080’ (bc-ad)’x° (a+bx3)3Hyper‘geometr‘icZFl[l, 1, i, M] -
3 c(a+bx®)
L 4 (bc—ad)x3
T g c(a+bx3)

bc-ad) x3
377700960 c* d? (bc-ad)® x™2 (a+bx3)3Hyper=geometr~i(;2|:1[lJ 1, i} (bc-ad)x ~

259692160 c®d (bc-ad) 2 x° (a+bx?) 3 Hypergeometric2Fi |

] -

W |

3 3 c(a+bxX®)
bc-ad) x3
241113600 c* d* (bc - ad)® x'® (a+bx3)3Hyper‘geometricZFl[l, 1, ﬂ, M] -
3 3 c(a+bx®)

bc-ad) x®
57723120 c>d* (bc —ad)leg (a+bx3)3Hyper‘geometr‘icZFl[l, 1, i, M
3 3 c(a+bx®)

4 (bc—ad)x3}

RN bt A I

3 c(a+bX3)
bc-ad) x3

1339520000 c’d (bc-ad) x° (a+bx3)4Hyper‘geometr*ic2F1[f, 1, i, w +

3 c(a+bxX®)

349440000 c® (bc-ad) x> (a+b x3)4 Hypergeometric2F1|

w | =

)1.’

w |
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bc-ad) x3
1921920000 c® d? (bc—ad) x° (a+bx3)4Hypergeometric2F1[1, 1, i, M
3 3 c(a+bxX®)
bc-ad) x3
1218147840 c*d®> (bc-ad) x*? (a+bx3)4Hyper‘geometr‘ic2F1[l, 1, i, &] +
3 3 c(a+bxX®)
bc-ad) x3
290384640 c*d* (bc-ad) x** (a+bx3)4Hyper‘geometric2F1[l, 1, i, u -
3 3 c(a+bx3)

=

s 4 (bc-ad)x?
335877360 c® (a + bx?)’ Hypergeometric2fF1|[—, 1, —, ———

] 1279532800 c®dx® (a+bx?)®
3 c(a+bx®)

w
=

bc-ad) x? bc-ad) x?
> 1, 4—, M] -1823334240 ¢’ d> x° (a + b x*)” Hypergeometric2Fl| =, 1, f, (be-ad) ¥ ] -

Hypergeometric2F1
ypers [ 3 c(a+bx3> 3 c(a+bx3)

W |-
w

bc-ad) x3
1151579520 c® d3 x° (a+bx3)5Hyper‘geometr‘icZFl[l, 1, i, u] - 273939120 c> d* x*? (a +bx3)5
3 3 c(a+bxX®)
bc-ad) X bc-ad) X
Hyper‘geometr‘icZFl[l, 1, i, M] - 57834 c* (bc —ad)sxls Hyper‘geometr‘icPFQ[{Z, 2, 2, E}, {1, 1, E}, u] -
3 3 c(a+bx®) 3 3 c (a+bx3)
s 10 19, (bc-ad)x?
224532 c*d (bc-ad)’ x*® HypergeometricPFQ[ {2, 2, 2, —}, {1, 1, —}, ————] -
3 3 c (a+bx?)

bc-ad) x3
326592 c? d? (bc—ad)sx21 Hyper‘geometr‘icPFQHZ, 2,2, B}, {1, 1, E}, M
3 3 c (a+bx?)

19, [bc-ad)x
3}’ ¢ (a+bx?) -
19, (bc-ad) ¥

3}, c (a+bx?) J-

} _
210924 cd’® (bc —ad)sxz“ Hyper‘geometr‘icPFQ[{Z, 2,2, E}, {1, 1,
3

51030d* (bc —ad)5x27 Hyper‘geometr‘icPFQHZ, 2,2, E}, {1, 1,
3

bc-ad) x3
5103 c* (bc —ad)sx15 HypergeometricPFQ[ {2, 2, 2, 2, B}, {1, 1,1, E}, M} -
3 3 C (a+bx3)

bc-ad) x3
20412 c3d (bc—ad)‘r’x18 Hyper‘geometr‘icPFQHZ, 2,2, 2, E}, {1, 1,1, E}, %] -
3 3 ¢ (a+bx?)

bc-ad) x3

30618 c? d? (bcfad)sx21 Hyper‘geometr‘icPFQ[{Z, 2,2, 2, g}, {1, 1,1, E}, M] -
3 3 c (a+bx?)
bc-ad) x3

20412 c d3 (bc—ad)5x24 HypergeometricPFQ[ {2, 2, 2, 2, E}, {1, 1,1, E}, M] -
3 3 c (a+bx?)

]

19 (bc-ad) x®
377 ¢ (a+bx3)
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Test results for the 1081 problemsin "1.1.3.4 (e x)"m (a+b x*n)"*p (c+d x"n)*g.m"

Problem 455: Result unnecessarily involves higher level functions.

XG
dx
J<8c—dx3)2 (c+dx3>3/2

Optimal (type 4, 256 leaves, ? steps):

1/3 1/3 c?/3_c1/3 dY/3 x+d¥/3 x? . : : 13 ) c/dx _7_
24/2++/3 (234 dV X>\/((1+\E)c1/3+d1/3x)z ElllptlcF[Af‘CSln[I—WC1/3+d1//gx], 7-4+/3]

2x<4c+dx3)

81 c d? (8C—dX3> \/C+dX3 1/3 (¢1/3,41/3
81  31/4 ¢ g7/3 <> [P x) Jerdx®
(173 ) /a2 x]?
Result (type 6, 66 leaves, 2 steps):
/ dx3 7 3 10 dx? dx?
x7 1+T AppellFl[;, 2, 20 37 sc? —T}
448 3\ c+dx3
Problem 574: Result unnecessarily involves higher level functions.
x? (a+bx3’)1/3
J— dx
ad-bdx3
Optimal (type 3, 268 leaves, 6 steps):
14 Zb’//zx/ 1.2 21/2 p1/2 x
77ax2 (a+bx?)? ) X5 (a+bx3) 2 ) 11 aZArcTan[—‘%‘—} ) 21/3 aZAr'cTan[#J*;j]—] )
18 b%d 6bd 9+/3 b83d 3 b8/3d
a’Log[ad-bdx?] . 11a% Log[b'? x - (a+bx?)"?] ) a?Log[213bY3 x - (a+bx3)?]
3 22/3 b8/3d 18 b8/3d 22/3 b8/3d

Result (type 6, 66 leaves, 2 steps):

x8 (a+bx3)1/3AppellF1[§, Sl 8, b b

1

3

8ad (1+M)1/3
a



Problem 575: Result unnecessarily involves higher level functions.

x4 (a+bx3)1/3
J—dlx
ad-bdx3

Optimal (type 3, 233 leaves, 5steps):

14 2b1/3 x 1.2 21/3b1/3 x
aibx3) Y3 1/3 (asbx3)¥/?
7x2 <a+bxg)1/3+4aAr‘cTan[ N ] 72 aAr‘cTan[ N ] )
3bd 34/3 b5/3d A3 b5/3d
aloglad-bdx}] 2alog[b3x- (a+bx*)¥?] alog[2!?b'3x- (a+bx?)'?]
3 22/3 b5/3d " 3b5/3d N 22/3 b5/3d

Result (type 6, 66 leaves, 2 steps):

x5 (a+bx3)1/3Appe11F1[§, ﬁ, 1, f _bd M]

5ad(1+M

1/3
-

Problem 576: Result unnecessarily involves higher level functions.

dx

Jx <a+bx3)1/3

ad-bdx3

Optimal (type 3, 201 leaves, 3 steps):

2613 x 2.21/3p1/3x
+—

1+ 1
ArcTan[ —820 ] 213 ancTan| et

NS ] Log[ad-bdx?] Log[b¥?>x- (a+bx3})*?] Log[2'3bY3x- (a+bx3)'?]
. _

+
\Eszd \EbZ/Bd 3 22/3p2/3 ¢ 2b2/3d

Result (type 6, 66 leaves, 2 steps):

x2 (a+bx3)1/3AppellF1[§, 7§, 1, 2 _bx ﬁ]

2ad (1+M

1/3
-

Problem 577: Result unnecessarily involves higher level functions.
J (a+bx?)?? i
x? (ad-bdx3)

Optimal (type 3, 156 leaves, 3 steps):

22/3 b2/3 d

1 Algebraic functions.nb | 57
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2213 bY/3 x
1+

(a+bx3>1/3 2173 b1/3Ar‘cTan[¢g&] pl/3 Log[ad—bdxﬂ pl/3 Log[zl/3 bl/3 x - (a+bx3)1/3}
+ _

adx /3 ad 3 .223ad 223 ad

Result (type 5, 77 leaves, 2 steps):
1/3 bx3\1/3 . 1 102 2bx3
) (a+bx?) (1 - TX) Hypergeometric2F1 |- PIETI 20

adx (1+M>1/3
a

Problem 578: Result unnecessarily involves higher level functions.
J (a+bx?)?? i
x> (ad-bdx3)

Optimal (type 3, 183 leaves, 4 steps):

2 21/3p1/3x
+

1 /3
(a+bx3)1/3 5b(a+bx3)1/3 21/3b4/3ArcTan[—‘%‘“—} b*3 Log[ad-bdx?] b4/3Log[21/3b1/3x7(a+bx3>1/3]
. _

4adx? 4a%dx V3 a?d 3 .22/3324 22/3 52 ¢

Result (type 5, 117 leaves, 2 steps):
1

42%dx4 (a+bx3)2/3

5 3 - 3 3 . 2 5 2bx3 3 3 . 2 5 2bx3
a’+4abx’+3b>x®-bx* (a+3bx?) Hypergeometric2F1| -, 1, =, | +3bx* (a-bx?) Hypergeometric2F1| -, 2, =,
3 3 a+bx3 3 3 a+bx3

Problem 579: Result unnecessarily involves higher level functions.
(a+bx?) 13
J— dx
x8 (ad-bdx3)
Optimal (type 3, 210leaves, 5steps):

1

(a+bx3)*? 2b(a+bx®)'? 8b% (a+bx?)'? 213 b7/3 ArcTan [ i}b;m} b7 Log[ad-bdx?] b7/3Log[223b¥3x - (a+bx3)'?]
- - +

7adx’ 7a2dx* 7a*dx J3 a3d 3 22/3 334 22/3 33

Result (type 5, 244 leaves, 2 steps):
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1 2 5 2bx3
- 4a°+10a’bx?>+24ab>x®+18b>x° -2bx> (2a%+3abx’ + 9b? x°) Hypergeometric2Fi[ —, 1, —, +
28a°dx’ (a+bx3)?? 3 37 a+bx3
5L 3 . 2 5 2bx? - . 2 5 2bx?
15 a’ b x® Hypergeometric2Fi[ =, 2, =, | +12 ab? x® Hypergeometric2F1| —, 2, -, -
3 3 a+bx3 3 3 a+bx3
s o _ 2 _ 5 2bx3 s 2 5. 2bx3
27 b® x° Hypergeometric2Fl| -, 2, —, ] -9bx* (a-bx? ) HypergeometricPFQ[{ -, 2, 2}, {1, =},
3 3 a+bx3 3 37 a+bx?
Problem 580: Result unnecessarily involves higher level functions.
(a+ bxs)l/3
j dx
x* (ad-bdx?)
Optimal (type 3, 237 leaves, 6 steps):
(a+bx*)¥? 11b(a+bx?)¥? 37b2 (a+bx})'? 169b% (a+bx3)’
10 a d x*® 70 a2 dx’ 140 a3 d x* 140 a* d x
L2 P
1/3 L10/3 __ (asbx})¥?
242 b Ar‘cTan[ = } ple/3 Log[a d-bd x3] ple/3 Log[21/3 bl/3 x _ (a . bx3)1/3]
. _
V3 atd 3 22/3 344 22/3 g4 ¢
Result (type 5, 423 leaves, 2 steps):
1 4 3 3 2 K2 6 39 4,12 3 3 s 2 > 2bX3
- 283" +64a°bx’+90a“b°x*+216ab’x” +162b* x“-28a°bx Hyper‘geometr‘1c2F1[—, 1, —, -
280 dx® (a+bx3)?? 3 3" a+bx?
. 2 . 5 2bx s o 2 . 5 2bx
36a%b%x Hyper‘geometr‘chFl[f 1, —, ]—54ab X Hyper‘geometr‘1c2F1[f 1, —, -
3 3 a+bx3 3 3 a+bx3
.1 2 . 5 2bx3 2 _ 5 2bx3
162 b* x*2 Hypergeometric2F1[ —, 1, —, | +117 a® b x* Hypergeometric2Fi[ =, 2, =, +
3 3 a+bx 3 3 a+bx?
) 6 2 5 2bx s 2 _ 5 2bx
99 a2 b? x Hyper‘geometr‘1c2F1[f 2, —, ]+81ab X Hyper‘geometr‘1c2F1[f 2, —, -
3 3 a+bx3 3 3 a+bx3
2 5 2bx3 2 5 2bx3
297 b* x*2 Hypergeometric2F1[ —, 2, —, | -54bx3 (afbx3)2 (2a+3bx?) HypergeometricPFQ|{—, 2, 2}, {1, =}, |+
3 3 a+bx3 3 3° a+bx?

3
27bx3 (a—bx3)3Hyper‘geometr‘icPFQ[{E, 2,2, 2}, {1, 1, 2 s 2bx
3

3 a+bx3
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Problem 581: Result unnecessarily involves higher level functions.

dx

Jx"’ (a+bx3’)1/3

ad-bdx3

Optimal (type 5, 521 leaves, 22 steps):
1.2 21/3 (a1/3.p1/3 x)

3ax(a+bx3)1/3 x4 (a+bx3)1/3 21/3a5/3Ar\cTan[—(3L—;)”—]

5b2d 5bd 3 b3 d

1 21/3 (al/3.p1/3 x|
+

NG 2/3 . 5/3 2/3 _ at/2+b¥3x
a’’3 ArcTan[—‘—J—\"E | 2a2x (1 + ba—"g> Hypergeometric2F1 | i, f, ;—‘, - :_ﬁ] a*’? Log 2 (a+bx3)1/3]
22/34/3 b7/3d _ 5b2d (a+bx?)?? i 3.223p73d '
22/3 (31/3,p1/3 )% 21/3 (a1/3.p1/3 21/3 (31/3,p1/3 1/3,p1/35)2  22/3 (31/3,p1/3
25/3 Log[l N 2 ’X) _ 2 : x) ] 21/3 55/3 Log[l N 2 : X) } 35/3 Log[Z 21/3 2 ’:) N (2 : x) }
(a+bx?)?/? (a+bx3)Y/? (a+bx?)Y/? (a+bx3)2/3 (a+bx?)¥/?
3 ..22/3p7/3 (¢ 3b7/3d i 6 22/3p7/3d

Result (type 6, 66 leaves, 2 steps):

x” (a+b x?) /% AppellF1 %, -

1
;)
7 ad (1+M>1/3

a

Problem 582: Result unnecessarily involves higher level functions.

x3 (a+bx3)1/3
J—dlx
ad-bdx3

Optimal (type 5, 494 leaves, 21 steps):



2 21/3 (a¥/3:0%/3 x|
[ S—
1/3
173 213 32/3 ApcTan [ —M—]
) V3

21/3 (31/3,p1/3 x|
1+—\—L,3
REY
a%/3 ArcTan [ —M—]
V3

22/3 A/ 3 b4/3 d

3\2/3 . 3 2/3 2/3 _ at/24b¥3x
ax (1 + bTX) Hyper‘geometr‘1c2F1[§, f, :—, - bTX] a*? Log|[2 (a+bx3>1/3]

- +

3 22/3 b4/3 d

21/3 (31/3,p1/3
] 21/3 32/3 Log[l + J—L}

X (a+bx3

2bd

V3 b*3d

2bd (a+bx3)??

/ ) 3\ 2 / / / ) 2 , , p
22/3 (al/ 3, p1/3 x) 21/3 (31,/3”31/3 x) (31,/3”31/3 x) 22/3 (31/3”31,3 x)

a?/3 Log[1+ a?/3 Log[z 21/3 4

(a+bx3) 2/3 (a+bx3) i3 (a+bx) 1/3 (asbx?) 2/3 (a+bx?) 1/3

3 22/3 b4/3d 3b4/3d 6 22/3 b4/3d
Result (type 6, 66 leaves, 2 steps):

x4 (a+bx3>1/3AppellF1[§, —i, 1, % _bx M]

4ad (1+M

1/3
-

Problem 583: Result unnecessarily involves higher level functions.

dx

J(a+bx3)1/3

ad-bdx3

Optimal (type 3, 416 leaves, 14 steps):

2 21/3 (31/3.p1/3 x| 21/3 (31/3,p1/3 x|
] 14 ) P )
a 1/3 1/3 al/3+bY/3 x
o o) 2/3 _ a:b¥3x
213 ArcTan | ——22=—|  ArcTan| —2—]  Log 2 IS ]
A/ 3 A/ 3 a+b X /

+

22/3\/?31/3 b1/3d N 3 22/3 a1/3 b1/3d

] 2¥3Log1+ 2P [P ] ]

(a+b x3)1/3

\/? al/3 pl/3 4

/ / 2 / /: /
22/3 (al/3+b1/3 X) 21/3 (a1/3+b1/3 X)
(a+b x3)1/3

3 22/3 a1/3 b1/3 d

/. 2
(al/3+b1/3 x)
(a+b x3)2/3

6 22/3 a1/3 b1/3 d

Log[1+ Log[2 2'/3+ 2/ [+ x)

<a+bx3)2/3 (a+b X3)1/3

3 a1/3 b1/3 d

Result (type 6, 61 leaves, 2 steps):

14 4 bx3 ﬁ}
3° >3 a a
ad (102"

x (a+bx3)? AppellFl[%, -

1 Algebraic functions.nb
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Problem 584: Result unnecessarily involves higher level functions.

(a+bx3>1/3 4
— 7 dx
Jx3 (ad-bdx?)

Optimal (type 5, 496 leaves, 21 steps):

(a+bx?) 13 2Y3p2/3 ArcTan | 4%] b2/3 ArcTan | 4%);]
3 3
i ) B +
2adx? \E a4/3 ¢ 22/3 \/? a%/3d

3\ 2/3 . b 2/3 2/3  aY2:bY3x
b x (1 + bTX) Hyper‘geometr‘1c2F1[i, %, ;i, - —X] b Log[z (a+bx3>1/3]

a

- +
2ad (a+bx3)?? 3223 a%3d
22/3 (31/3,p1/3 2 21/3 (31/3,p1/3 21/3 (31/3 ,p1/3 al/3.pl/3 x 2 22/3 (31/3,p1/3
p2/3 Log[l + ( / ) _ ( : ) ] 21/3 p2/3 Log[l + ( / ) } p2/3 Log[Z 21/3 ( ) + ( / )
(asbx)* (atbx?)* (asb?) V3 (arbx?)?/2 (ashx?) ¥/
- +
3 22/3 34/3(¢ 3a%/3d 6  22/334/3(d

Result (type 6, 66 leaves, 2 steps):

Problem 585: Result unnecessarily involves higher level functions.
(a|+bx3>1/3
—— dXx
Jxa (ad-bdx?)

Optimal (type 5, 523 leaves, 22 steps):
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1 222 [Py
(a+bx3>1/3 3b <a+bx3)1/3 21/3 bsBAr‘cTan[*LMJL}

V3
5adx® 5a2dx? /3 a7/3d
5/3 1+gabab—”) by | 2/3 b3 bS/? Log [22/3 a1/3+b1/3X]
abx3)Y? 2 bx? . 1 2 4 bx* o - /
b%/3 ArcTan | = | 2b2x (1 + 2 ) Hypergeometric2F1| I ] 7 g (ar0x7) 2 )
22/34/3 a7/3d 5a2d (a+bx?)?? 32233734

y /s, 2 Y /3pl/ Y 3,1/ /b1 %) 2 / /3p/

bs/3 Log [1 . 22/3 (al 3,p1/3 x) ) 21/3 (al 3,pt sx) ] 2173 15/3 Log [1 . 21/3 (31/3,p1/3 ¢ } bs/3 Log [2 3, (al 3,pl/3 x) . 22/3 (al 3,pl/3 x)
(a+b x3)2/3 (asbx3)?/? (a+b x3)1/3 (a+b x3)2/3 (a+b x3)1/3
- +
3 22/3 a7/3d 3a7/3d 6 22/3 a7/3d

Result (type 6, 66 leaves, 2 steps):

(a+bx3>1/3AppellF1[—§, 1,1, -2 _ba_x3 b’ ]

5adx® (1+M

1/3
2

Problem 593: Result unnecessarily involves higher level functions.

x8 (a+bx3)2/3
J—dlx
ad-bdx3

Optimal (type 3, 264 leaves, 5 steps):

1,2 b1/3 x 1.2 21/2p1/3 x
4ax (a+bx3)2/3 x4 (a+bx?) 2 14a2Ar'cTan[—(3L—:ﬂ] 22/3 aZAr‘cTan[—(?—;‘i}

- - - + +
9b2d 6bd 9\/?b7/3d \/?b7/3d
a’log[ad-bdx®| a?Log[2¥?b'3x- (a+bx?)¥?] 7a?log[-bY3x+ (a+bx?)?]

3 21/3 b7/3d h 21/3 b7/3d * 9b7/3d

Result (type 6, 66 leaves, 2 steps):

x7 (a+bx3>2/3AppellF1[§, ~2,q, 10 b b2

2

3’

7ad (1+M)2/3
a

Problem 594: Result unnecessarily involves higher level functions.

dx

fo‘ (a+bx3)2/3

ad-bdx3
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Optimal (type 3, 229 leaves, 4 steps):

2b%/3 x 2 21/3p1/3x
1+ 1+

x (a+bx) 2/3  5aArcTan| —lasb) | 2¥2aArcTan| 2 v ]

- - V3 + V3 +
3bd 3\/?b4/3d \/?b4/3d
alog[ad-bdx}] alog[2t3bY3x- (a+bx})"?] 5alog[-b*3x+ (a+bx3)'?]
3 21/3 b4/3d - 21/3 b4/3d i 6b4/3d

Result (type 6, 66 leaves, 2 steps):

x4 (a+bX3>2/3AppellF1[§—,—§, 1, 2, b2 _X3]

4ad (1+m

2/3
2

Problem 595: Result unnecessarily involves higher level functions.

b x3)2/3
J(a+ x3) i

ad-bdx3

Optimal (type 3, 200 leaves, 3 steps):

2b1/3 x 2 2%/3p1/3x
1+ 1+
1/3 1 1/3
ArcTan| —=255= ] 22/3 ApcTan | —l20
A3

Nes ] Log[ad-bdx?] Log[2¥?bY3x- (a+bx?)*?] Log[-b¥3x+ (a+bx?)'?]
\/?blﬂd N ﬁblﬁd * 3 21/3 b1/3d - 21/3 b1/3d * 2b1/3d

Result (type 6, 61 leaves, 2 steps):

Problem 596: Result unnecessarily involves higher level functions.

(a+bx3)2/3 4
——dx
Jx3 (ad—bdx3>

Optimal (type 3, 157 leaves, 3 steps):
1.2 21/3 b1/ x

(a+bx3)2/3 22/3b2/3ArcTan[%&] b3 Loglad-bdx?] b2/3Log[21/3b1/3x7(a+bx3)1/3}
+ + -

2adx? V3 ad 3.23ad 2173 ad

Result (type 5, 79 leaves, 2 steps):



2/3
(a+bx?)?? (1 - ba—xs) Hypergeometric2F1[- f, - 5, - M}

2adx? (1+E

2/3
2

Problem 597: Result unnecessarily involves higher level functions.

(a+bx3’>2/3 4
— L dx
Jxﬁ (ad—bdx3)

Optimal (type 3, 182leaves, 4 steps):

2 21/3p1/3 %
1+

(asbx?)Y/3

(a+bx*)*? 7b(a+bx3)?? 22/3b5/3Ar‘cTan[—~E’—} b3 Loglad-bdx?] b*3Log[223b¥3x- (a+bx3)'?]
- - . -

+

1 Algebraic functions.nb

5adx® 10 a? d x? \/3 a%d 323324 2173 a2d
Result (type 5, 121 leaves, 2 steps):
1
10a2dx5 (a+bx3)'?
(2 a®>+5abx’+3b>x°-4bx® (2a+3bx?) Hyper‘geometr‘icZFl[i, 1, g, 2 be: | +12bx® (a-bx?) Hypergeometric2Fl| 1, 2, g
a+bx

Problem 598: Result unnecessarily involves higher level functions.
J (a+bx3>2/3 dx
x° (ad-bdx3)

Optimal (type 3, 209 leaves, 5 steps):

2 21/3pl/3x
+

1

(a+bx3) Y3

2bx3

a+bx3

(a+bx3)2/3 b <a+bx3)2/3 5 b2 (a+bx3)2/3 22/3 b8/3Ar‘cTan{—F'—] p8/3 Log{ad—bdxﬂ bs/3 Log[21/3 b1/3 y _ (a+bx3)1/3]
_ + _

- - +

8adx® 4a%dx® 8 a®d x? A3 a3d

Result (type 5, 244 leaves, 2 steps):
1

1
- 5a®+11a’bx>+15ab?x®+9b>x° -4bx? (5a% +6ab x> + 9b® x°) Hypergeometric2F1[ ~, 1, —,

40 a3d x8 (a+bx3)1/3

s , 1 _ 4 2bxX ) 6 _ 1
42 a% b x® Hypergeometric2F1| =, 2, —, | +12 ab? x® Hypergeometric2Fl| -, 2, —,
3 3 a+bx?
s ) 1 4 2bx3 ; 2 )
54 b® x° Hypergeometric2Fl| ~, 2, —, | -18bx? (a-bx?)* HypergeometricPFQ| {

3 3 a+bx3

3.213a3d

w |

2bx3

a+bx3

> 2,20 {1, s

2bx3

a+bx3

+

| 65
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Problem 599: Result unnecessarily involves higher level functions.

b32/3
J (a+ x) i

x12 (ad-bdx?)

Optimal (type 3, 236 leaves, 6 steps):
(a+bx3)2/3 13b(a+bx3)2/3 49 b2 <a+bx3)2/3 293 b3 (a+bx3)2/3
11adx? 88 a2dx® 220 a3 dx® 440 a* d x?

+

2 213 b3 x
¥

1

22/3 b11/3Ar‘CTan[—"Mﬁ} b11/3 | d-bdx3 b11/3 | og [21/3 p1/3 x _ b x3)1/3
3 X ogla x3| og| x- (a+bx3)"?]

\/?a“d 3 21/3 a4d 21/3 a4d

Result (type 5, 391 leaves, 2 steps):

1
- 40a*+85a°b x> +99a2b?x® +135ab3x®+81b*x*? -

440 a*dx* (a+ bx3)1/3

s _ 1 . 4 2bx )y _ 1 4 2bx
160 a* b x> Hypergeometric2F1[ -, 1, —, | - 180 a? b? x° Hypergeometric2F1[ —, 1, —, -
3 3 a+bx3 3 3 a+bx3
s _ 1 4 2bx . 1 _ 1 4 2bx%
216 a b® x° Hypergeometric2F1| —, 1, —, | - 324 b* x*? Hypergeometric2Fl| —, 1, —, |+
3 3 a+bx3 3 3 a+bx3
3. 3 . 1 4 2bx3 )26 . 1 4 2bx3
396 a° b x® Hypergeometric2F1| —, 2, —, | +198 a% b? x° Hypergeometric2F1| —, 2, —, -
3 3 a+bx® 3 3 a+bx3
1 2bx3

4 12 : - 4
594 b" x Hyper‘geometrlczFl[ y 2, —
3

3 a+bx3 3

3
54 b x3 (a—bx3)3Hyper‘geometr‘icPFQ[{l, 2, 2,2}, {1, 1, 4 s 2bx
3 37 a+bx®

Problem 600: Result unnecessarily involves higher level functions.

x7 (a+bx3)2/3
J ad-bdx3

Optimal (type 5, 512 leaves, 14 steps):

dx

| -54bx3 (a—bx3)2 (5a+6bx°) Hyper‘geometr‘icPFQ[{l, 2, 2}, {1,

4
3

)

2bx3

a+bx3
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2 21/3 [31’3+b1/3 XW 21,'3 (31”3+b1,/3 X\J
—_— 1+—m— L
2/3 47/3 (asbx3)¥/? 7/3 (asbx3)¥/?
9ax? (a+bx3)?3 x5 (a+bx3)%3 2%/° a ArcTan[%—*] a Ar‘cTan[%—*}
93X (a:62)7 K [a bR 1 o
28b%d 7bd 3 b8/3d 21/3./3 b8/3 g
by? | 1/3 . 1 2 s b3 (al/’3—b1,’/3 X)Z (31/3+b1//3 X)
19 a? x2 (1+ TX) Hyper‘geometr‘1c2F1[;, S0 3 TX} ) a’’? Log| . ] )
28b%d (a+bx?)"? 6 21/3p8/34
2/ 1/3, 11/ 2 1/ 1/3, p1/' 1/ 1/3,pl/ y y / ) ,
a7/3 LOg[l + 22/3 (a /3+b /3 X) B 21/3 (a 3.b /3 X) } 22/3 a7/3 Log[l + M} a7/3 Log[b1/3 (al,3+b1/3x) - 22/3 p1/3 (a+bx3)1/3}
(a+bx?)?/? (a+bx3)"/? - (a+bx?)Y/? - al/3 a1/3
3 21/3 b8/3d 3b8/3d 2 21/3 b8/3d
Result (type 6, 66 leaves, 2 steps):
x® (a+bx?)?? AppellFl[g, —i, 1, %, —ba—xa, ba—xa}
8ad (1 + i) 23
a
Problem 601: Result unnecessarily involves higher level functions.
x4 (a+bx3)2/3
J— dx
ad-bdx3
Optimal (type 5, 485 leaves, 13 steps):
72 21/3 ‘:al/!d’ldxj‘ 21/3 (alr’3+b1/'3x]
) X2 (a+bx3) 2> ) 2%/3 a*/3 ArcTan | \bg ] ) a*’? ArcTan | \bg ] )
4bd \/3 b5/3d 21/3 /3 p5/3 4
1/3_p1/3 x| % (31/3,p1/3
3ax? (1 + M) Ve Hypergeometric2F1[%, %, 2, - M} a*? Log| 2 () @ )
a 3 3 3 a + a .
4bd(a+bx3)1/3 6 21/3b5/3d
/ / /: 2 /: /: . /! /' /' 4 /: P ¥ P i )
5473 LOg[l . 22/3 (a1/3+b1,/3x) - 21/3 (al 3 b1/3 X) } 22/3 34/3 Log[l 4 M} 44/3 Log[bl/g (a1/3+b1/3 x) 222013 (aib ) }
(a+bx?)?? (a+bx?)Y/? B (a+bx?)¥? B a1/3 a/3
3 21/3 b5/3d 3b5/3d 2 21/3 b5/3d

Result (type 6, 66 leaves, 2 steps):

x5 (a+bx3>2/3AppellF1[§, —%, 1, 2, -, —3]

5ad (1+ﬁ)2/3

a
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Problem 602: Result unnecessarily involves higher level functions.

Jx <a+bx3)2/3

ad-bdx3

dx

Optimal (type 5, 457 leaves, 11 steps):

2.21/3 (al/3.p1/3 x

21/3 (al,'zwi/s x\
1- R t—— 1/3_p1/3 )2( 1/3,p1/3 )
92/3 31/3 ppcTan [ Lo al’3 ApcTan | ——leeel?® ) ( M)l 3 . 102 5 be 13 (a4/2-6%/3x)" (a¥/3+b%/3
[ J3 ] N [ Ve } X (1+ . HypergeometrlczFl[B, 30 3o . ] . a Log[ .
V3 b2/3d 213 4/3 p2/3 d

2d (a+bx3)1/3

/: /. /.
] 22/3 3173 Log [1 . 27 (a2012x) bY/3 (a¥/3+b%/3 x|

22/3 (31/3”31/3 x) 2 L (31/’3+b1/3 x) } s [
/3 Log
(a+b X3) /3 a

al’? Log[1 +

22/3 b1/3 (a+b Xg) 1/3
(asbx?)¥/? (asbx?)%/? - ]

al/3 al/3

3 21/3 b2/3d 3b2/3d 2 21/3 b2/3d

Result (type 6, 66 leaves, 2 steps):

x? (a+bx?)® AppellF1[ 2, - 2,1, 3, B, o]

2ad (1+ba—"3)2/3

Problem 603: Result unnecessarily involves higher level functions.

(a +b X3>2/3
J— dx
XZ

(ad-bdx3)

Optimal (type 5, 483 leaves, 13 steps):

Lw 1.2 [al/'%b‘fx‘r
3y2/3 223 pl/3 ppcTan| —2X” ] pl/3 popcTan | — 2ol
(a +bx > . [ \/? ] . [ \/3— ] .
adx ﬁ a2/3 d 21/3 ﬁ a2/3d

/3_p1/3 2 (13 1/3
2 bx? | 1/3 ; 1 2 5 _bx 1/3 272022 x)" ¥/ x)
b x (1+ 2 ) Hyper‘geometr‘1c2F1[3, I, | ) b'/3 Log| -

+
2ad (a+bx3>1/3 6 21/3a2/3d

21/3 (al/34p1/3 x 1/3 (41/3,p1/3
22/3 p1/3 LOg[1+ b (ar +b?/ x)

(a+bx3)1/3 b?/3 LOg[

3 a2/3 d

2 / /
22/3 (al//3+b1/3 x) 21/3 (al/B+b1//3 x)

b'/3 Log|[1 +

(a+b x3)2/3 (a+b x3)1/3 ]

22/3 p1/3 (a+b x3) 1/3 }
3 .21/332/3¢4

al/3 al/3

2 21/3 a2/3 d

Result (type 6, 64 leaves, 2 steps):

6

21/3 b2/3 d
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(a+b x3>2/3 AppellF1]- %, -

adx (1+ bx
Problem 604: Result unnecessarily involves higher level functions.
(a+bx3>2/3
———— dXx
st (ad-bdx?)

Optimal (type 5, 512 leaves, 14 steps):

3\2/3 312/3 223 p*3 ApcTan| —22 ] p4/3 ApcTan | — et
(a+bx3) _3b(a+bx) X [ Ve }+ [ Ne3 }+
4adx? 2a%dx A3 a%/3d 21/3/3 a5/3 4

al/3_p1/3 x) 2 (al/’3+b1/3 x)

1/3
3 b2 x2 (1 + bai) Hyper‘geometr‘icZFl[%, f, i, S0 ) 3 og] (

2 + 2 +
432d (a+bx3)1/3 6 21/3a5/3d
22/3 (31/3,p1/3 2 21/3 (31/3,p1/3 21/3 (31/3,p1/3 / / ,
b4/3 Lo 14 (a + x) B (a + x) 22/3 b4/3 Lo 1. a/?+b'/3 x 43 pl/3 (a1/3+b1/3 x) ) 22/3 p1/3 (a+b x3)1/3
g ; p g / b*/> Log
(a+bx?)??2 (a+bx3)Y/? (a+bx?)¥/? J1/3 a3
3 . 21/335/3 ¢ 33°/3d 2 21/335/3 ¢

Result (type 6, 66 leaves, 2 steps):

(a+bx?)*? AppellF1[-%, - 2,1, -1, J’TXB, £ ]

dadxt (1+ﬁ

2/3
2

Problem 612: Result valid but suboptimal antiderivative.

6

J(l—x3)1/3 (1+x3) o

Optimal (type 3, 154 leaves, 4 steps):

o 2x 17221//3><
2Ar‘cTan[41’—‘3ﬁ] ArcTan [ —2 | 3 C591/3 4 (1 _y3)1/3
*EX(17X3)2/3+ V3 - 3 7Log[1+x]+Log[ 23 x - (1-%3) }73Log[x+(1fx3)1/3]
3 34/3 21343 6 23 2 213 3

Result (type 3, 226 leaves, 15 steps):
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1 2 ArcTan [ "t ] ArcTan [ "yt ]
_7)((1_)(3>2/3+ V3 _ V3

3 313 21343

22/3 y2 21/3 g 21/3 g

1 XZ % 2 X LOg [1 + (17)(3)2/3 B (17)(3)1/3 } LOg {1 + (17)(3)1/3 }

*Log[1+ - ]—fLog[1+ }_ +

9 (17X3>2/3 (17X3>1/3 9 (17)(3)1/3 6 21/3 3 21/3

Problem 613: Result valid but suboptimal antiderivative.
X3

J dx

(1-x3)%73 (1+x3)
Optimal (type 3, 135leaves, 3 steps):

2x . 1- 2 213'312

Ar‘cTan[—%—} ArcTan| (\ﬁ; ] Log[1+x3] Log[-23x- (1-x3)"?] s

- + + - +—Log[x+<1—x> }
\/? 21/3 \/? 6 21/3 2 21/3 2
Result (type 3, 207 leaves, 14 steps):
2x : 1- 2 21/3x/

ArcTan| —225 ] ApcTan [ —2227 ] ) Log |1+

- VER + VED - l Lo X - X 1 X
g [1 + ] + — Log [1 + } +
V3 213 /3 6 (1—x3)2/3 (1—x3)1/3 3 (1—x3)1/3

Problem 614: Result valid but suboptimal antiderivative.

J(1—x3)1/13 (1+x3) o

Optimal (type 3, 88leaves, 1step):
1.2 21/3 x
7Ar‘cTan[ /;% ] i Log[1+x3] X Log[-2¥3x - (1-x3)?]

21/3 \/? 6 21/3 2 21/3

Result (type 3, 122 leaves, 7 steps):

2213 x

1-

31/ 223 x2 213 x _2Y3x
ArcTan [ _%_} Log [1 * (17)(3)2/3 B (17)(3)1/3 ] Log [1 * (17)(3)1/3 ]

- - +

21/3\/? 6 21/3 3 21/3
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Problem 615: Result valid but suboptimal antiderivative.

J 1 dx
x3 (1—x3)1/3 (1+x3)

Optimal (type 3, 105leaves, 3 steps):

(1—x3>2/3 Ar‘cTan[—‘;’—siJi} Log[1+x3] Log[—21/3x— (1—x3>1/3]
B + + _

2 x? 21/3 /3 6 21/3 2 21/3

Result (type 3, 139 leaves, 8 steps):

2 21/3%

1-

1/3 /3 y2 21/3X 21/3)(
" et ] Logf14 X Log[1+ —2CX—
(1-5x2)23 ArcTan | o ] g1+ ) o) ] g1+ )7 ]
_ N N _

2 XZ 21/3 /_3 6 21/3 3 21/3

Problem 616: Result valid but suboptimal antiderivative.

j 1 dx
x6 (1—x3)1/3 (1+x3)

Optimal (type 3, 124 leaves, 4 steps):

2213 x

1-
ArcTan [ —‘—P;;z }

(1) . (1-2)%7 ~Log[1+x’] . Log[-2¥3x - (1-x3)?]

5 x> 5 x? 21/3 /3 6 21/3 9 21/3

Result (type 3, 140leaves, 9steps):

2213 x

1-

" /3 2 21/3 x 21/3
Taert ] Logfls EEX Log[1+ —22%—
(1 _ X3> 5/3 ArcTan [ Ve } g [ + (1_X3)z/3 (1—x3)1/3 ] g [ + (1—X3>1/3 ]
- - - +

5 x> 21/34/3 6 21/3 3. 21/3

Problem 617: Result valid but suboptimal antiderivative.

J ! dx
x° (1—x3)1/3 (1+x3>

Optimal (type 3, 141 leaves, 5steps):
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(1-53)272  (1-x3)?7 17 (1-x3)%? ArcTan | lﬁ*] Log[1+x3] Log[-213x- (1-x3)"?]

- + - + + -
8 x8 20 x° 40 x? 21/3./3 6 21/3 2. 21/3
Result (type 3, 175leaves, 9steps):
2213 x
- s 2/3 42 1/3 1/3

(1-x)23 (1-)%7  (1-53)3 ArcTan | 4&—;?} Log[1+ (lz_xg;(z/s B (12_)(3))(1/3 | Log[1+ (12_)(3))(1/3 ]

2w 5 x5 C gxe ' 21/3./3 ’ 6 21/3 - 3213

Problem 618: Result unnecessarily involves higher level functions.

J(1x3)1/3 (1+x3) o

Optimal (type 5, 271 leaves, 12 steps):

2213 (1-x)

1 1,200

ArcTan|—222—]  ApcTan| —2222 |

1 1 1 2 5
-=x* (1- x3>2/3 + VE + VE - = x? Hypergeometric2F1[ =, —, =, X*| +
4 21/3 \/? 2 . 1/3 \/? 4 3 3 3
22/3 (1-x)2 B 21/3 (1-x) 21/3 1-x)
Log[(lfx) <1+X>2] LOg{l-F (l_xz)z/s (1-x3)1/3 ] LOg[1+ (1_)(3)1/3 } Log[—1+x+22/3 (17)(3)1/3]
12 21/3 " 6 21/3 N 3 21/3 - 4 21/3

Result (type 6, 26 leaves, 1step):

1 8 1 11
= x8 AppellFl| =, =, 1, —, x*, -x*]
8 3 3 3

Problem 619: Result unnecessarily involves higher level functions.

J(lxz“)l/3 (1+x3) o

Optimal (type 5, 254 leaves, 10 steps):




172 21/3 (1 ’x) 1+21/3 (1-x)
ArcTan|[ —"27—]  ArcTan| —227—
3 V3 1., . 1 2 3
- - + =X Hyper‘geometr‘1c2F1[f, —, —, X } -
21/3 /3 2 2134/3 2 3 3 3
2 Log [1 + 2 @t | 2 (dox) ] Log[l + 2Eax } 1/3
Log[ (1-x) (1+x)?] ) (156)22  (10)Y (10) 2 . Log[-1+x+2%3 (1-x3)"7?]
12 21/3 6 21/3 3 21/3 4 21/3

Result (type 6, 26 leaves, 1step):
1xS AppellFl[E, E, 1, §, x3, %3]
5 3°3 3

Problem 620: Result unnecessarily involves higher level functions.

J(1x3)1/3 (1+x3) o

Optimal (type 3, 233 leaves, 8steps):
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: 21/’:(11,: : L 223 (1% 2Y2 (a-x) 23 (1x)
Ar‘cTan{—%“f} +Ar‘cTan[—'1’F;)f] X Log| (1-x) (1+x)2] . og|1+ (1) (17)(3)1/3] ) Log[1+ ] ) Log[-1+x+22/3 (17)(3)1/3}
2134/3 2 21/3./3 12 2173 6 21/3 3 4. 213

Result (type 6, 26 leaves, 1step):
lx2 AppellFl[E, 3, 1, E, x3, %3]
2 3°3 3

Problem 621: Result unnecessarily involves higher level functions.

J 1 dx
x2 (1—x3)1/3 (1+x3)

Optimal (type 5, 270 leaves, 12 steps):

2213 (1-x 21/3 (1-x)
1220 1,220

(1-x3)23 ArcTan[Al’r—“L] ArcTan | —= ]

3 1, . 1 2 5
- - - - =X Hyper‘geometr‘1c2F1[f, —, —, X } -
X 21/3 \E 2 21/3 \/? 33 3
ogl1 4 220X 2Y°ax Log[1+ 22 dx
Log[(l—x) <1+X>2] ) g[ * (17)(3)2/3 (1) ] X g[ + (17)(3)1/3 } . Log[—1+x+22/3 (1—X3>1/3]
12 21/3 6 21/3 3 21/3 4 21/3

Result (type 6, 24 leaves, 1step):
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AppellFl[—i, i, 1, %, x3, -x3]

X

Problem 622: Result unnecessarily involves higher level functions.

J 1 dx
x5 (1—x3)1/3 (1+x3)

Optimal (type 5, 289 leaves, 14 steps):

122/ (1x) 1+21/3 (1-x)
ArcT 1-x3) /3 ArcT 1-x3)Y/3
(1-x2)%3  (1-x3)%3 Arc an| = | Arc an[—‘——ﬁ ] 1, ' 1205
- . . + + = x? Hypergeometric2F1[ =, =, =, x*| +
4 x4 2 X 21/3./3 2 213.4/3 4 3 3 3

223 (1-x)2 2Y3 (1-x) 2Y3 (1-x)
tog[(1-x) (1+x)7] “B e e MBS eg[aex 2 (1))
. ]

12 21/3 6 21/3 N 3 21/3 4 21/3

Result (type 6, 26 leaves, 1step):
AppellFi[-%, 1,1, -1, 53, -]

4 x4

Problem 629: Result valid but suboptimal antiderivative.

7

j(1x3)2/3 (1+x3) o

Optimal (type 3, 160 leaves, 5steps):

B 2x 17221/3)(
Ar‘cTan[*“’—xsﬁ] Ar‘cTan[*Lxsﬁ] Lo [1 43 Log |- 21/3 x _ (1 x3)1/3
_lxz (1—X3>1/3+ V3 _ V3 N Og[ +X} +1Log[—x—(1—x3)1/3]— Og[ X ( X) ]
3 3+/3 22/3 /3 6  22/3 6 2 22/3

Result (type 3, 228 leaves, 14 steps):

_ 2x 1- 2 21/3x’
1 ArcTan| —22=]  ArcTan| —227]
T2 3\1/3 V3 3
- =X (1-%3)T - -
3 33 22/34/3

2/3 32 1/3 1/3
1 X2 X 1 X Log [1 " (12—x3;(2/3 - (12—x3)xl/3 ] Log [1 ! (12—x3)X1/3 ]
— Log[1+ - | + = Log[1+ ] + -
18 (17)(3)2/3 (17)(3)1/3 9 <17X3)1/3 6 22/3 3 22/3
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Problem 630: Result valid but suboptimal antiderivative.

J(l—x3)2/3 (1+x3) o

Optimal (type 3, 139leaves, 3 steps):

o 2x 1- 2213 x
(1-x3)Y? 1.3)1°2
7Ar‘cTan[ = } +Ar‘cTan[ e } ) Log[1+x3] 73L0g[7X7 (17)(3)1/3} . Log[—21/3x— (1—x3>1/3]
\E 22/3 \/? 6 22/3 2 2 22/3
Result (type 3, 207 leaves, 14 steps):
- 2: P 1- 2 21:3:,3 2/3 32 1/3 1/3
ArcTan[—;"—%J—} Ar‘cTan[—‘l'—;J—} 1 2 < 1 , Log[1+ (127)(3;(2/3 - (127)(3))(1/3} Log[1+ m}
- + +—Log[1+ - ]7—Log[1+ }7 +
NEY 22/3./3 6 (1—x3>2/3 (1—x3>1/3 3 (1—x3)1/3 6 . 22/3 3. 22/3

Problem 631: Result valid but suboptimal antiderivative.

J(1x3)2/3 (1+x3) o

Optimal (type 3, 88leaves, 1step):

2 21/3x

1- /3
Ar‘cTan[Ql’F;L} Log[1+x3] Log[-23x- (1-3x3)'7?]
+

22/3 /3 6 22/3 2 22/3

Result (type 3, 122leaves, 7 steps):

2213 x

1-

R 22/3 x2 B 213 x 213 x
ArcTan[—22=] - Log [1- )P (1) | Log[1+ 10y ]
_ + _
22/3 \/? 6  22/3 3 . 22/3

Problem 632: Result valid but suboptimal antiderivative.

J ! dx
x2 (1—x3)2/3 (1+x3)

Optimal (type 3, 103 leaves, 2 steps):
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1- 2 21/3x
) (17x3>1/3 ) Ar‘cTan[A(J—;u} ) Log[1+x?] ) Log[-2/3x - (17)(3)1/3]
X 22/3\/? 6 22/3 2 . 22/3

Result (type 3, 137 leaves, 8steps):

2213 x

1- 2/3 42 21/3 21/3
133 Lo 1 27/° X _ X Lo 1 X
(1 _ X3> 1/3 ArcTan [ Vs } g [ + (1_X3)2/3 (1_X3>1/3 ] g [ + (1_)(3)1/3 ]
- + - +
X 22/3 ,/3 6  22/3 3. 22/3

Problem 633: Result valid but suboptimal antiderivative.

J ! dx
x> (1—x3)2/3 (1+x3)

Optimal (type 3, 124 leaves, 4 steps):

1_221/3>f
) (1-x3)%7° . (1-x3)%73 _Ar‘cTan[ ur; ] . Log[1+x3] ) Log[-2Y2x - (1-x3)'7?]
4 x4 4x 22/3./3 6  22/3 2 . 2/3

Result (type 3, 140 leaves, 9steps):

2213 x

1- ; 2/3 42 21/3 21/3
—awet ] Logfl4 EFE— - X Log[1+ =2
(1- x3>4/3 ArcTan| o ] g1+ o) ae) ] g1+ o) ]
_ - + _
4 x4 92/3 \/? 6  22/3 3 .. 22/3

Problem 634: Result unnecessarily involves higher level functions.

J(1—x3)2/3 (1+x3) o

Optimal (type 3, 291 leaves, 15 steps):

1.2 21/3 (1-x) 14 213 (1-x)

3)1/3 (1-x3)1/3 _ 1-
ArcTan|[—%—]  ArcTan| —2*=~] Log [22/3 - =]
—EX(l—X3>1/3+ V3 + V3 . (1—x>/ -
2 22/3./3 2 22343 6 22/3
Log[1+ 2laxl 2 G211 Log[1+ &L)f)—] Log[2 213, 11X 22 (1-x) ]
(1—x3)2/3 (17)(3)1/3 (17)(3)1,3 (17)(3)2/3 (1—x3)1/3
6 22/3 3 . 22/3 - 12 - 22/3

Result (type 6, 26 leaves, 1 step):



1 7 2 10
=x" AppellFl|—, =, 1, —, x*, -X?]
7 3 3 3

Problem 635: Result unnecessarily involves higher level functions.

3

J(1x3)2/3 (1+x3) o

Optimal (type 5, 294 leaves, 18 steps):

172 21/3 (1-x) 1+21,’3 (1-x)
(1-x3)*/3 (1-x3)*/3
Ar‘cTan[ﬁ%ﬁ ] Ar‘cTan['_j ] 1 . 12 4
_ - + = x Hypergeometric2F1| =, —, —, x*] -
22/3 /3 222343 2 3 3 3
Log[22/3 - —1X ] Log[1+ 2@ 220X ] ggfg, 22000 ogfp 13, (1 2220
g[ (1—x3)1/3] g[ + (1_X3>z/3 (1_)(3)1/3 ] g[ + (1_)(3)1/3 } g[ + (1_X3)z/3 (1_)(3)1/3 }
6 22/3 " 6 22/3 - 3 22/3 " 12 22/3
Result (type 6, 26 leaves, 1step):
1 4 2 7
= x*AppellFl|—, =, 1, —, X3, -x?]
4 3 3 3
Problem 636: Result unnecessarily involves higher level functions.
1
J dx
(1—x3)2/3 (1+x3)
Optimal (type 5, 293 leaves, 16 steps):
1 222 (1x) 14 213 (1-x)
ArcTan| —2=222-1  ApcTan| —&=2=
+ + = x Hypergeometric2F1|[ =, —, —, x3] +
22/3 /3 2 22/3.[3 2 3 3 3
Log[22/3 — —1X ] Log[1+ 2@ 20| | ogfg, 22000 ogfp 13, (1 2220
g[ (1_X3)1/3] g[ + (1_)(3)2/3 (1—x3)1/3 ] g[ + (1_)(3)1/3 } g{ + (1—)(3)2/3 (1_)(3)1/3 }
6 22/3 N 6 22/3 - 3 22/3 - 12 22/3

Result (type 6, 21leaves, 1step):

1 2 3 3
xAppellFl[f, -1, =, x>, -x }
3 3 3
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Problem 637: Result unnecessarily involves higher level functions.

J 1 dx
x3 (1—x3)2/3 (1+x3)

Optimal (type 3, 294 leaves, 16 steps):

172 21/3 (1-x) 14 2Y/3 (1-x)

1/3 1/3 1-x
173 ArcTan| —2=2— ArcTan| —2=— Log|2?/? - —>—
I =5 51 Sl .
2 x2 22/3./3 2 2234/3 6 2%/3
223 (1-x)2 2Y3 (1-x) 213 (1-x) 1/3 (1-x)2 22/3 (1-x)
Log[l * (17)(3)2/3 (17)(3)1/3 } Log[l * (17)(3)1/3 ] Log[Z 2 * (17)(3)2/3 * (17)(3)1/3 ]
- +
6 22/3 3 22/3 12 22/3

Result (type 6, 26 leaves, 1 step):

AppellFl[—%, i, 1, i, x3, —x3]

2 x?

Problem 645: Result unnecessarily involves higher level functions.

J(1—x3>4/3 (1+x3) o

Optimal (type 3, 174 leaves, 5 steps):

2x 2213 x

1-——— 1-

4 ArcTan|[ —2222 ] ApcTan| —222 ] r a1 Loel 213w (1. 53] 13
X Jrix(l_x3)2/3+ V3 V3 . Og[ +X]_ og[ X < X) ]——Log[x+(1—x3)1/3}
2 (1—x3)1/3 6 343 2 2134/3 12 . 21/3 4 21/3 6
Result (type 6, 26 leaves, 1 step):
ixleAppellFl[E, i, 1, E, x3, -x*]
10 3 3 3

Problem 646: Result unnecessarily involves higher level functions.

J(1—x3)4/3 (1+x3) o

Optimal (type 3, 153 leaves, 4 steps):



2x 22Y3x

« ArcTan [ —22| Ar‘cTan[%] ) Log[1+x*] Log[-2"3x- (17)(3)1/3]

+ - +
2(17)(3)1/3 \/? ) 21/3\/? 12 - 21/3 4 - 21/3

Result (type 6, 26 leaves, 1step):

1 7 4 10
=x AppellFl|—, —, 1, —, x*, -x*]
7

3 3 3

Problem 647: Result unnecessarily involves higher level functions.

J(1x3)4/3 (1+x3) o

Optimal (type 3, 106 leaves, 2 steps):

1- 2213 x
Ar‘cTan[%] Log[1+x3} Log[—21/3x— (1—x3)1/3]
+

+ —

2(17)(3)1/3 2 21/3\/? 12 21/3 4 21/3

X

Result (type 5, 38leaves, 1step):

B

4 : 4 4 7 2x3
X Hyper‘geometr‘1c2F1[3, T 1+X3]

4 (1+X3>4/3

Problem 648: Result valid but suboptimal antiderivative.

J(1x3)4/13 (1+x3) o

Optimal (type 3, 106 leaves, 2 steps):

2 21/3x
1-

ArcTan [ —22— ~ ]

X LOgI:lJrXB} Log{721/3X7 (1*X3>1/3:|

+
2(17)(3)1/3 2 21/3\/? 12 21/3 4 21/3

Result (type 3, 140leaves, 8steps):

2 21/3x

- " 2/3 32 21/3 y 21/3 y
1) Log[1+ —2—=>—— Log[1+ -
X Ar‘cTan[ 3 ] g[ (1_)(3)2/3 (1_X3)1/3 ] g[ (1—x3)1/3 ]

+

2(17)(3)1/3 ) 21/3\/? 12 . 21/3 6  21/3

- =~ Log[x+ (1—x3>1/3]
2
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Problem 649: Result unnecessarily involves higher level functions.

J 1 dx
x3 (1—x3)4/3 (1+x3)

Optimal (type 3, 124 leaves, 4 steps):

2 21/3 %

1 (1—x3)2/3 ArcTan | ;;3} Log[1+x3] Log[-23x- (1—x3)1/3}
- + + -
2 x2 (1_X3>1/3 x2 2 21/3\/? 12 . 21/3 4 21/3

Result (type 5, 204 leaves, 1 step):

1 1 4 2x3
- ————————————— [14+56x>-91x°-42x° +63x12-7 (1-x3)2 (2+12x%+9x°) Hypergeometric2F1|~, 1, —, - ] -
14x° (1-x%)7"7 3 37 1-x3
] _ 7 18 23 . , 7 10 2x3
30 x® Hypergeometric2F1[2, —, —, - | - 84 x° Hypergeometric2F1[2, —, —, - |-
3 3 1-x3 3 3 1-x3
7 10 2 x3 7 10 2 x3
54 x'? Hypergeometric2fF1[2, —, —, - | -18x° (1+x3)2Hyper‘geometr‘icPFQ[{Z, 2, =}, {1, —}, - ]
3 3 1-x3 3 3 1-x3

Problem 650: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J 1 dx
X6 (1—x3)4/3 (1+x3)

Optimal (type 3, 144 leaves, 5steps):

2213 x

1 7 (1—x3)2/3 4 (1—x3)2/3 Ar‘cTan[%] Log[1+X3] Log[—21/3x— (1—x3)1/3]
- - - - +
2 x° (:I.—X3>1/3 10 x° 5 x2 2 21/3\5 12  21/3 4 2l/3

Result (type 5, 397 leaves, 1 step):



N S
70 x8 (1—x3>7/3
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3 6 9 12 15 s 1 4 } 3 s 1 4 2X3
28 - 182 x> - 476 x® + 819 x° + 378 x*2 - 567 x'° - 28 Hypergeometric2F1[ —, 1, —, - | +182 x® Hypergeometric2F1|[~, 1, —, - |+
3 3 1-x3 3 3 1-x3
. . 1 2x3 5 . 1 4 2x3 1 . 1 4 2x3
476 x® Hypergeometric2F1| ~, 1, —, - | - 819 x° Hypergeometric2F1| —, 1, —, - | - 378 x*2 Hypergeometric2F1[ ~, 1, —, - |+
3 3 1-x3 3 3 1-x3 3 3 1-x3
. , 14 2% . _ 7 10 2%}
567 x Hyper‘geometr‘1c2F1[f, 1, —, - } -36Xx Hyper‘geometrchFl[Z, —y > - ] +
3 3 1-x3 3 3 1-x3
5 . 7 10 2x3 1 ) 7 10 2x3
342 x° Hypergeometric2F1(2, —, —, - | +972 x'? Hypergeometric2F1[2, —, —, - |+
3 3 1-x3 3 3 1-x3
7 10 2 x3 7 10 2 x3
594 x'° Hypergeometric2F1[2, —, —, - | +54x%° (1+x3)2 (1+6x?) HypergeometricPFQ[{2, 2, —}, {1, —}, - |+
3 3 1-x3 3 3 1-x3
7 10 2 x3
54 x5 (1+x3>3Hyper‘geometr‘icPFQ[{Z, 2,2, =}, {1, 1, —}, - 3]
3 3 1-x

Problem 651: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

ng (1-x3)

Optimal (type 3, 162 leaves, 6 steps):

1

3 (1450

dx

2213 x

(1-x3)Y?

1-

1 5(1-x3)23 13 (1-x3)¥% 49 (1-x3)%° ArcTan|

} LOg[1+X3} Log{—21/3X— (1—X3>1/3]
+ -

.
2 2134/3

2 x8 (1_)(3)1/3 8 x8 20 x5 40 X2

Result (type 5, 612 leaves, 1 step):

12 21/3 4 21/3
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1

- -70 + 308 x3 - 1162 x® - 2856 x° + 4914 x*? + 2268 x> - 3402 x*8 +

280 x11 (1-x3)%3 (—14+x3
(1-%)

) 1 4 2x3 s ) 1 4 2x3 . ) 1 4 2x3
70 Hyper‘geometr‘1c2F1[—, 1, -, ] - 308 x Hypergeometr‘1c2F1[—, 1, —, ] +1162 x Hypergeometr1c2F1[—, 1, —, +
3 3 -1+x3 3 3 -1+x3 3 3 -1+x3
9 . 1 4 2x3 1 . 1 4 2x3
2856 x° Hypergeometric2F1| —, 1, —, | - 4914 x*? Hypergeometric2F1| —, 1, —, -
3 3 -1+x3 3 3 -—1+x3
15 . 1 4 2x? 18 . 1 4  2x3
2268 x Hyper‘geometr‘1c2F1[f, 1, —, ] + 3402 x Hyper‘geometr‘1c2F1[7, 1, —, +
3 3 -1+%° 3 3 —1+%3
6 . 7 10 2x? 5 . 10 2x3
66 x® Hypergeometric2fF1[2, —, —, | - 312 x? Hypergeometric2F1[2, —, —, +
3 3 -1+x3 3 3 -1+x3
- , 7 10 2x3 s , 7 10 2x3
2268 x Hyper‘geometr‘1c2F1[2, — T ] + 6696 x Hyper‘geometr‘1c2F1[2, —, — +
3 3 “1+x%3 3 3 —1+%3
7 10 2x3 7 10 2x3
4050 x'8 Hypergeometric2F1(2, —, —, | +27x8 (1+%3) 2 (-7 +18 x> + 105 x°) HypergeometricPFQ[ {2, 2, —}, {1, —},
3 3 ~1+x3 3 3 -1+x3
7 10 2x3
54 x5 (1+x3)3 (-1+15%%) HypergeometricPFQ[{z, 2,2, =}, {1, 1, —}, +
3 3 —1+x%3
. _ 7 10, 2x . _ 7 10, 2x
81 x® HypergeometricPFQ[{2, 2, 2, 2, —}, {1, 1,1, —}, | + 324 x° HypergeometricPFQ[ {2, 2, 2, 2, —}, {1, 1,1, —},
3 3 -1+x3 3 3 -1+x3
1 ) 7 10 2x3
486 x Hyper‘geometr‘lcPFQ[{Z, 2,2,2, -}, {1,1,1, —}, +
3 3 —1+x3
15 ) 7 10 2x3 18 . 7 10 2x3
324 x'* HypergeometricPFQ| {2, 2, 2, 2, —}, {1, 1,1, —}, | + 81 x*® HypergeometricPFQ| {2, 2, 2, 2, —}, {1, 1, 1, —},
3 3 —1+x3 3 3 —1+x3

Problem 652: Result unnecessarily involves higher level functions.

10

J(1—x3)4/3 (1+x3)

dx

Optimal (type 5, 292 leaves, 13 steps):

172 213 (1-x) 1+ 2%/3 (1-x)
s ArcTan| —2—]  ArcTan| —222]
X7+§x2 (1—x3)2/3— V3 V3 - lx2 Hyper‘geometr‘icZFl[E, E, E, x3] -
2(1—x3)1/3 4 2 21/3./3 4 21343 2 3 3 3
223 (1-x)2 23 (1-x) 23 (1-x)
Long—x) (1+X)2] Log{1+ (17)(3)2/3 (1—x3)1/’3 LOg[1+ (17)(3)1/3 } Log[—1+x+22/3 (1_)(3)1/3}
24 21/3 N 12 21/3 6 21/3 i 8 21/3

Result (type 6, 26 leaves, 1 step):



)

1
— x** AppellF1|

11 4 14
11 3 3

3 3
)1J7)X17X}

Problem 653: Result unnecessarily involves higher level functions.

7

J(1x3)4/3 (1+x3) o

Optimal (type 5, 274 leaves, 12 steps):

2 213 (1-x) 21/3 (1-x)
I L) PR bl

1 1

2 ArcTan [ M] ArcTan { 4[\1/’_;)1

X + V3 + - Ex2 Hyper‘geometr‘icZFl[l, E, 5, x3] +
2 (1-x3)%3 2 21343 4 2134/3 3 3
223 (1-x)2 23 (1-x) 243 (1-x)
Log[(l—x) <1+X>2] LOg{lJr (17)(3)2/3 (1—x3)1/3 ] LOg[1+ (17)(3)1/3 } Log[—1+x+22/3 (1—X3>1/3]
4 _

24 21/3 12 21/3 N 6 21/3 8 21/3

Result (type 6, 26 leaves, 1step):

1 8 4 11
= x8 AppellFl| =, —, 1, —, x*, -X?]
8 3 3 3

Problem 654: Result unnecessarily involves higher level functions.

4

J(1x3)4/3 (1+x3) o

Optimal (type 5, 274 leaves, 12 steps):

2 21/3 (1-x) 21/3 (1-x)
A Ca) At

1 1

2 ArcTan [ M] ArcTan { 4[\1/’_;)1

X - V£ - - 1x2 Hyper‘geometr‘icZFl[l, E, 5, x3] -
2 (1-x3)*3 2 21343 4 2134/3 3 3
223 1-x2  2Y3(1-x) 23 (1-x)
Log[(l—x) <1+X>2] LOg{lJr (17)(3)2/3 (17x3)1/3 ] LOg[1+ (17)(3)1/3 } Log[—1+x+22/3 (1—X3>1/3]
24 21/3 N 12 21/3 6 21/3 i 8 21/3

Result (type 6, 26 leaves, 1step):

1 5 4 8
= x° AppellFl| =, —, 1, —, X3, -x?]
5 3 3 3
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Problem 655: Result unnecessarily involves higher level functions.

J(l—x3)4/3 (1+x3) o

Optimal (type 5, 274 leaves, 11 steps):

1.2 243 (1-x) 213 (1-x)

1+
Ar‘cTan[%—’—’“z v ] Ar‘cTan[—f—Mm

2

1 1 2 5
X N V3 + V3 - = x? Hypergeometric2F1[ =, =, =, x*| +
2 (1-x3)° 2 21343 4 21343 4 0303
223 (1-x)2 23 (1-x) 213 (1-x).
og (1 x) (1-x)7] OBl R Tt ] el AT ol 1o 1w
24 21/3 i 12 - 21/3 N 6 21/3 h 8 21/3

Result (type 6, 26 leaves, 1 step):
1x2 AppellFl[E, i, 1, E, x3, %3]
2 373 3

Problem 656: Result unnecessarily involves higher level functions.

J 1 dx
x2 (1—x3)4/3 (1+x3)

Optimal (type 5, 292 leaves, 13 steps):

122/ (1% 1.2 0%

3 (1_x3)23 Ar‘cTan[—‘—%’x”l'/z ] ArcTan [ o) }
! - (1-%) - V3 - V3 3 x2 Hyper‘geometr‘icZFl[l, %,
2 X (1_)(3)1/3 2 X 2 21/3\/? 4 21/3\/? 4 3 3 3
223 (1-x)2 23 (1-x) 23 (1-x)
Log[(l—x) <1+x>2] ) og[1+ (1) (1) ] ) Log[1+ (17)(3)1/3} . Log[—1+x+22/3 (1—x3)1/3]
24 21/3 12 21/3 6 21/3 8 21/3

Result (type 6, 24 leaves, 1 step):

AppellFl[—i, ‘3—‘, 1, %, x3, -x3]

X

5 )
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Problem 657: Result unnecessarily involves higher level functions.

J 1 dx
x> (1—x3')4/3 (1+x3)

Optimal (type 5, 308 leaves, 14 steps):

2 L2y
3(1_x3123  [1_x3)2/3 ArcTan|—EX2—]  AprcTan|—22]
! s < x4) - < X ) + V3 + V3 - & x? Hyper‘geometr‘icZFl[l, E, E, x3] +
2 x4 (1—x3) / 4 x X 2 2V3./3 4 21343 2 3 3 3

2/3 (1_y)\2 1/3 1. 1/3 (q_
g1 270N BN logln AR e

(17)(3)2/3 <17X3)1/'3

Log[(1-x) (1+x)?] Lo
24 21/3 * 12 21/3 N 6 21/3 8 21/3

Result (type 6, 26 leaves, 1 step):

3 3

AppellFl[—‘;‘, 401, -1 %3, —x3]

4 x4

Problem 665: Result unnecessarily involves higher level functions.

x7 (a+bx3)1/3
J— dx
c+dx3
Optimal (type 3, 336 leaves, 6 steps):
1+ 2b/3 x 1+Z(bc—ad)1/3x
asb x3) 13 1/3 /3 (asbx3) Y3
) (6bc-ad)x? (a+bx?)"? ) x5 (a+bx?)"> ) (9b?c?-3abcd-a?d?) ArcTan[%’#] ) c?(bc-ad)V ArcTan[#] )
18 b d? 6d 9+/3 bS/3 3 NEW'E
c3/3 (bc—ad)1/3Log[c+dx3] (9b?c*-3abcd-a?d?) Log[b1/3x—(a+bx3)1/3} ¢/ (bc—ad>1/3Log[ bcjcaljamx’(a*bXB)l/s]
- +
6 d? 18 b>/3 d3 2d3

Result (type 6, 64 leaves, 2 steps):
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Problem 666: Result unnecessarily involves higher level functions.

dx

Jx“ (a+bx3)1/3

c+dx3

Optimal (type 3, 276 leaves, 5 steps):

1+ 2b1/3 x’ 1+ 2 (bc-a d)li/iz
2 (a+bx3>1/3 ) (3bc-ad) Ar‘cTan[—’a*ﬁ]/—} ) c2/3 (bc—ad)lBAr‘cTan[#:“L} )
3d 3\/?b2/3 d? \/?dz

23 (bc-ad)¥?Log[c+dx3 3bc-ad) Log[b¥3x- (a+bx3)¥3] ¢ (bc-ad)™’ Log| b&aj;l/sx‘ (a+bx?)'?]
. c

6 d? 6 b?/3 d? 2d?
Result (type 6, 64 leaves, 2 steps):

x5 (a+bx3)1/3AppellF1[§,7§, 1, &, b2 7@]

5c(1+M

1/3
2

Problem 667: Result unnecessarily involves higher level functions.

X <a+bx3)1/3
J—dlx
c+dx3

Optimal (type 3, 234 leaves, 3 steps):

1022 1 2lead
bl/3 ArcTan[ —=222= ] (bc-ad)"? ArcTan | —=2e0i |
_ \/? + \/? _
V3 d A3 3 d
_ /!
(bc-ad)'’ Log[c+dx?] b Log[b'? x - (a+bx?)"?] X (bc-ad)™? LOg{ibc—Zi&‘ (a+bx?)™7]
6ct/3d 2d 2cl/34

Result (type 6, 64 leaves, 2 steps):

x2 (a+bx3)1/3 AppellFl[%, —i, 1, 2, b2 M]

2c(1+ﬁ

1/3
2
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Problem 668: Result unnecessarily involves higher level functions.

dx

J(a+bx3)1/3

x2 (c+dx3)

Optimal (type 3, 168 leaves, 3 steps):
1% y
(bc-ad)"?ArcTan| C'j?wx ] (bc-ad)*’ Log[c+dx?] (bc-ad)™’ Log| bcj:j; =~ (arbx?) ']

b31/3
(a+bx?) ) X .

C X /3 /3 6 c4/3 2 c4/3

Result (type 5, 87 leaves, 2 steps):
bx3 dx3
(a+bx?)?? (1 + dc—xs) 12 Hypergeometric2F1|- i, - % % - ﬁ}

3\1/3
CX(1+bi)
a

Problem 669: Result unnecessarily involves higher level functions.

b 3\1/3
JM@

x5 (c+dx3)

Optimal (type 3, 204 leaves, 4 steps):

1+ 2 (b cfadjl//3 X

(a+bx3)1/3 (bc-4ad) (a+bx3)1/3 d (bc—ad)lﬂAr'cTan[#v‘%”’—*’&]

— — + —

4cxt 4ac’x NEWUE

d(bc-ad)? Log[be2dlx Px _ (a+bx?)*?]

C1/3

d (bc—ad)l/3 Log[c+dx?|
.

6c’/3 2 ¢7/3

Result (type 5, 145leaves, 2 steps):

- ! 2c(a+bx3) (c—3dx3>—
8 3 x4 (a+bx3)2/3

L 5 (bc—ad)x3
R c(a+bx3>

bc-ad) x3
L, 5 [(be-ad)x

bc-ad) x*> (c-3dx3) Hypergeometric2Fi
< )X ( X) ypers ' [ 3 c(a+bx3>

| +3 (bc-ad) x® (c+dx?) Hypergeometric2F1 |

w N
w N
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Problem 670: Result unnecessarily involves higher level functions.
(a+bx?)??
Ji dx

x8 (c+dx3)

Optimal (type 3, 258 leaves, 5steps):
(a+bx*)¥? (bc-7ad) (a+bx?)*? (3b?c2+7abcd-28a2d?) (a+bx3)'?

7 cx’ 28 acZx* 28 a2 c3 x
1+2\bcfad\y]”3x

d? (bc—ad)lBAr‘cTan[ﬁﬁwi} ) ¢ (bc-ad)"? Log[c+dx] ) d? (bc-ad)*’ Log|

/—3 C10/3 6 c10/3 2 c19/3

(bcad)?x _ (a+bx3)1/3]

c1/3

Result (type 5, 451 leaves, 2 steps):

- ! 8ac’+8bc®x3 -12ac?dx®*-12bc?dx®+36acd*x®+36bcd?x®-
56 c*x” (a+bx3)??
2 5 (bc-ad)x® 2 5 (bc-ad)x®
2 (bc-ad) x®(2c®-3cdx®+9d?x°) Hypergeometric2F1|—, 1, =, ————————] +15b ¢’ x> Hypergeometric2F1[ —, 2, =, ————] -
3 3 c(a+bx®) 3 3 c(a+bx®)
2 5 (bc-ad)x® 2 5 (bc-ad)x3
15 a c? d x® Hypergeometric2F1| —, 2, =, ~————————] - 12b c?*d x® Hypergeometric2F1[ —, 2, =, "
3 3 c(a+bxX?) 3 3 c(a+bxX®)
2 5 (bc-ad)x® 5 5 (bc-ad)x?
12 a c d? x° Hypergeometric2F1| =, 2, =, ~———————| - 27 b c d* x® Hypergeometric2fF1[ ~, 2, =, ———
3 3 c(a+bx®) 3 3 c(a+bx®)
bc-ad) 3 bc-ad) 3
27ad®*x® Hyper‘geometr‘icZFl[z, 2, E, M] -9 (bc-ad) x? (c+dx3)2Hyper‘geometr‘icPFQ[{E, 2, 2}, {1, E}, M]
3 3 c(a+bx®) 3 3 c (a+bx?)

Problem 671: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

J(a+bx3)1/3

x11 (c +dx3)

Optimal (type 3, 318 leaves, 6 steps):



1 Algebraic functions.nb | 89

(a+bx3)1/3 (bc-10ad) (a+bx3)1/3 (3b2c?+5abcd-35a%d?) <a+bx3)1/3 (9b>c®+15ab?c2d+35a2bcd? - 140 a° d°) (a+bx3’)1/3
_ _ . _
10 c x1@ 70 ac?x’ 140 a2 c3 x* 140 a3 c* x

+

14 2 \bc—ad)lax

d? (bc—ad)l/sAr‘cTan[;”gxi} d> (bc-ad)* Log[c +dx] ) d* (bc-ad)”? Log[i—)—bc’;il/}x - (a+bx3)?]

3 133 6 c13/3 2 c13/3

Result (type 5, 905 leaves, 2 steps):
1

- s 56ac*+56bc*x3-72acPdx?-72bc®dx®+108ac?d?x®+108bc?2d®x’-324acd®x’-324bcd®x*?-
560 c> x1° (a+bx3>

2 5 (bc-ad)x? 2 5 (bc-ad)x
28 b ¢* x> Hypergeometric2fF1[—, 1, =, ————————| + 28 ac® d x> Hypergeometric2F1| —, 1, —, ~————"—] +
3 3 c(a+bxX®) 3 3 c(a+bx3)
2 5 (bc-ad)x® 5 5 (bc-ad)x?
36 b ¢ d x° Hypergeometric2F1[ =, 1, =, ~————————| - 36 a ¢ d? x° Hypergeometric2F1[ =, 1, =, ~———| -
3 3 c(a+bx®) 3 3 c(a+bx®)
2 5 (bc-ad)x® 2 5 (bc-ad)x®
54 b c? d* x® Hypergeometric2fF1[ —, 1, =, ——————| + 54 a c d® x° Hypergeometric2F1[~, 1, —, ———
3 3 c(a+bx®) 3 3 c(a+bx®)
bc-ad) x3 bc-ad) x3
162 b c d? x*? Hyper‘geometr‘icZFl[E, 1, 5, M} - 162 a d* x'2 Hyper‘geometr‘1c2F1{3 1, 5, M} +
3 3 c(a+bX) 3 3 c(a+bX)
2 5 (bc-ad)x® 2 5 (bc-ad)x3
117 b c* x® Hypergeometric2F1| —, 2, —, ~——————] - 117 a c® d x> Hypergeometric2F1| —, 2, =, ———"—] -
3 3 c(a+bx®) 3 3 cla+bx®)
2 5 (bc-ad)x® 2 5 (bc-ad)x
99 b c3dx® Hyper‘geometr‘1c2F1[f 2, —, 7] +99ac?d?x® Hyper‘geometr‘1c2F1[f 2, —, 7] +
3 3 c(a+bx®) 3 3 c(a+bx®)

. 2 5 (bc-ad) x?
81 b c? d? x° Hypergeometric2F1[ —, 2, —, ———
3

2 5 (bc—ad)x3
3 c(a+bx3) 3’

3 c(a+bxX®)
bc-ad) x3 bc-ad) x3
297 b c d® x*2 Hyper‘geometr‘icZFl[E, 2, 5, M} - 297 ad*x? Hyper‘geometr\iczFl[g, 2, 5) M _
3 3 c(a+bxX3) 3 3 c(a+bX)

bc-ad) x®

4 (bc-ad)x®(2c-3dx°) (c+dx3)2Hyper‘geometr‘icPFQ[{%, 2,2}, {1, E}, M
3 3 c (a+bx3?)

bc-ad) x?

7 (bc-ad) x? (c+dx3)3Hyper'geometr'icPFQ[{E, 2, 2,2}, {1, 1, 5}, (bc-ad)x
3 3 c (a+bx?)

| - 81 acd®x°Hypergeometric2Fl| -,

|+
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Problem 684: Result unnecessarily involves higher level functions.

dx

Jx"’ (a+bx3)2/3

c+dx3

Optimal (type 3, 334 leaves, 5steps):

1+ 2bY/3 x 1+2(bcfad}1’3x
(3bc-ad)x (a+bx*)?> x* (a+bx?)? (9b2c2—6abcd—a2d2)Ar‘cTan[—%li} c4/3 (bc—ad)2/3Ar‘cTan[i\/‘?ﬁi]
) 9bd? : 6d : 9+/3 b4/3 g3 . NEW'E B
c*? (bc-ad)?’Log[c+dx?] c*(bc-ad)*’Log| bcj:jzmx_<a+bxs)1/3} (9b2c?-6abcd-a?d?) Log[-b¥?x+ (a+bx?)?]
6 d? : 23 . 18b%/3 g3

Result (type 6, 64 leaves, 2 steps):

Problem 685: Result unnecessarily involves higher level functions.

x3 (a+bx3)2/3
J—dlx
c+dx3

Optimal (type 3, 272 leaves, 4 steps):

2b1/3 2 (bc-ad)’x
1+ x 14 2(bcad)

X (a+bx3)2/3 ) (3bc-2ad) Ar‘cTan[—%ﬂ] +c1/3 (bc—ad)2/3Ar‘cTan[i%ﬁ]i} )
3d 3\/?b1/3d2 \/?dz
2 (bc-ad)?’Log[c+dx?] ' (bc-ad)*? Log[jbc;:l?;)ﬂ‘ (a+bx?)™?] (3bc-2ad) Log[-bY3x+ (a+bx?)*?]
6 d ) 2.2 : 6 bl/3 g2

Result (type 6, 64 leaves, 2 steps):

x4 (a+bx3)2/3 AppellFl[;i, —%, 1, Z, -b¥ M]

4c (1+E

2/3
2
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Problem 686: Result unnecessarily involves higher level functions.

(a+bx?)??
J ST ax
c+dx3
Optimal (type 3, 233 leaves, 3 steps):

1+ 2bY/3 x 1+2<bc7ad)1'/3x
b3 1/3 (a.bx3) /3
bz/sAr,cTan[_(%)i] (bc—ad)2/3Ar-cTan[ /3 (arbx }
3

3

/3 NESER
(bcad)V/
(bc-ad)?’Log[c+dx?] (bc-ad)*” Log| bc:jsux_(aJ'bXS)l/B] b2/3 Log[-b¥3 x+ (a+bx3)'?]
. _
6C2/3d 2c2/3d 2d

Result (type 6, 59 leaves, 2 steps):

2 1 4 bx3 7@]
3’ 77 3° a c

2

C (1+M> ?

x (a+bx3)?? AppellFl[i, -

Problem 687: Result unnecessarily involves higher level functions.

dx

J<a+bx3)2/3

x3 (c+dx3)

Optimal (type 3, 169 leaves, 3 steps):

1+2(bc—ad)1//3x
(a+bx3>2/3 (bcfad)2/3ArcTan[ cngzm] (bcfad)Z/3 Log[c +dx?] (bc—ad)2/3 Log | bc_cal(/j;l/;x_ (a+bx3)1/3]

- + +

2CX2 /3 C5/3 6c5/3 2C5/3

Result (type 5, 89 leaves, 2steps):

bx® dx}
(a+bx?)?? (1+ %)2/3 Hypergeometric2fF1[- %, - 2, % —c—(—Tj}

2/3
2 ¢ x2 (1+ E)
a

Problem 688: Result unnecessarily involves higher level functions.

b 3)\2/3
J<a+ x) x

x6 (c+dx3)
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Optimal (type 3, 206 leaves, 4 steps):

2 (bc-ad)?x
14 2lbcradjiix

(a+bx*)??  (2bc-5ad) (a+bx?)?? d(bc—ad)2/3ArcTan[$’j3;L‘”i]

5c x° 10 a c? x? /3 c8/3

d(bc-ad)??Log[c+dx?] d (bc-ad)?? Log[ <21 e (a+bx?)?]

cl/3
+

6c8/3 2C8/3

Result (type 5, 148 leaves, 2 steps):

bc-ad) x3
- ! c(a+bx’) (2c¢-3dx?) -2 (bc-ad) x* (2c-3dx?) Hypergeometric2F1[ =, 1, 4 M
103 x5 (a+bx3)?

[Eny

3

3 c(a+bx?)

w

6 (bc-ad) x® (c+dx?) Hypergeometric2F1[ -, 2,

e

C (a+bx3)

w |k

4 (bc-ad)x?
3

Problem 689: Result unnecessarily involves higher level functions.

(a+bx3)2/3
Jidlx
X2 (c+dx3)
Optimal (type 3, 257 leaves, 5steps):
(a+bx3)*? (bc-4ad) (a+bx})*® (3b2c2+8abcd-20a2d?) (a+bx3)??
- - +

8cx8 20ac?x® 40 a2 c3 x?

+

1, 2bc ad)*?x
d? (bc—ad)2/3Ar‘cTan[%—ng”w} d (bc-ad)¥* Log[c +dx] d? (bc-ad)?? Log[i—)—bc’;imx - (a+bx3)'?]
+

\E C11/3 6 c11/3 2 c11/3

Result (type 5, 451 leaves, 2 steps):
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1
5act+5bc*x’-6acldx®-6bc?2dx®+9acd?®’x®+9bcd*x’-

_40c4x3 (a+bx3)1/3

[y

4 (bc—ad)x3 4 (bc—ad) x3
, 1, =, ———————] +21bc® x* Hypergeometric2F1[ ~, 2, -, ——— | -

2(bc-ad) x® (5c?2-6cdx®+9d?x®) Hypergeometric2F1
( R : ) Hypere { 3 c(a+bX) 3 c(a+bxX®)

w | =
w

1 4 (bc-ad)x? 1 4 (bc-ad)x?
21ac?d x® Hypergeometric2F1[ —, 2, —, ~——————| - 6 b c?d x° Hypergeometric2F1[ ~, 2, —, ~———————| +
3 3 c(a+bx®) 3 3 c(a+bx®)
1 4 (bc-ad)x 1 4 (bc-ad)x?
6 a c d? x° Hypergeometric2F1[ —, 2, —, ————————] - 27 b c d® x? Hypergeometric2F1| ~, 2, —, ~———————
3 3 c(a+bx®) 3 3 c(a+bx®)
bc-ad) x? bc-ad) x3
27ad*x° Hyper‘geometr‘icZFl[l, 2, i, &] -9 (bc-ad) x? (C+dX3)2Hyper‘geometr\ichQ[{l) 2, 2}, {1, i}, (bc-ad) x ]
3 3 c(a+bx®) 3 3 ¢ (a+bx?)

Problem 690: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

b x3)2/3
J(a+ x) ix

x12 <c+dx3)
Optimal (type 3, 320leaves, 6 steps):
(a+bx3)*?  (2bc-11ad) (a+bx?)*? (6b2c?+1labcd-44a2d?) (a+bx?)??

. _
11 ¢ x11 88 ac?x8 220a2c3 x°

2 (be-ad)¥?x
+

1

(18b° >+ 33ab2c?d +88a’bcd? 220a° d*) (a+byx?|2/? @ (be-ad)®”ArcTan[ < aes]

440 a3 c* x? /3 1473

d* (bc-ad)?? Log[M&f (a+bx?)?]

c 1/3

d®> (bc-ad)*’Log[c+dx?]
6c14/3 - 2C14/3

Result (type 5, 819 leaves, 2 steps):
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1

- 40ac*+40bc*x*-45accdx®-45bc3dx®+54ac?d?®x®+54bc?d*x’-8lacd®*x®-81bcd3x*?-
449 c5 x11 (a+bx3>1/3

4 (bc-ad)x?

1 1 4 (bc-ad)x?
80 b c* x> Hypergeometric2F1| —, 1, —, | +80ac?dx®Hypergeometric2F1[~, 1, -, ———————| +
3 3 c(a+bxX®) 3 3 c(a+bx3)
1 4 (bc-ad)x? 1 4 (bc-ad)x?
90 b ¢ d x°® Hypergeometric2F1| ~, 1, —, ~———————| - 90 a c? d? x° Hypergeometric2F1[ —, 1, —, | -
3 3 c(a+bx®) 3 3 c(a+bx®)
1 4 (bc-ad)x? 1 4 (bc-ad)x?
108 b c? d? x° Hypergeometric2F1[ ~, 1, —, ——————] + 188 a c d° x° Hypergeometric2F1[ ~, 1, —, —————| +
3 3 c(a+bx®) 3 3 c(a+bx®)
bc-ad) %3 bc-ad) %3
162 b c d* x*2 Hyper‘geome’cr‘1c2F1[1 1, 4 M} - 162 ad*x*? Hyper‘geometr‘1c2F1[l 1, ﬁ, M} +
3 3 c(a+bX) 3 3 c(a+bxX)
1 4 (bc-ad)x? 1 4 (bc-ad)x?
198 b c* x3 Hyper‘geometr‘1c2F1[f 2, —, 7} 198 ac?dx3 Hyper‘geometr‘1c2F1[f 2, -y —— | -
3 3 c(a+bx®) 3 3 cla+bx®)
1 4 (bc-ad)x? 1 4 (bc-ad)x?
99bc3dx® Hyper‘geometr‘lczFl[f 2, — 7] +99ac?d?xb Hyper‘geometr‘lczFl[f 2, — 7] +
3 3 c(a+bx®) 3 3 c(a+bx®)

s 1 1 4 (bc-ad)x?
297 b c d® x'? Hypergeometric2F1[ ~, 2, —, ———
3

3 c(a+bx3)

bc-ad) x3
| - 297 ad* x*? Hyper‘geometr‘1c2F1[§ 2, 4 M} _

37 ¢ (a+bx?)
bc-ad) x3

7 (bc-ad)x® (5c-6dx?) (c+dx3)2Hyper‘geometr‘icPFQHl, 2, 2}, {1, i}, (bc-ad)x® .
3 3 c (a+bx?)

bc-ad) x3

7 (bc-ad) x? (c+dx3)3Hyper‘geometr‘icPFQ[{l, 2, 2,2}, {1, 1, f}, &]

3 3 ¢ (a+bx?)

Problem 702: Result unnecessarily involves higher level functions.

Jx“ (a+bx3)4/3

c+dx3

dx

Optimal (type 3, 334 leaves, 6 steps):

2b1/? x 2 (bc-ad)*?x
1+ 1421 )

_(6bc—7ad)x2(a+bx3)1/3+bx5 (a+bX3>1/3_(9b2c2—12abcd+2a2d2)Ar‘cTan[ ”i};f“”] c2/3 (bc—ad)‘wArcTan[L’g—*}ﬁ]

18 d? 6d 9+/3 b2/3 d3 ' NEW'E .
22 (bc-ad)*’Log[c+dx?] (9b*c2-12abcd+2a2d?) Log[b*3x- (a+bx3)'?] > (bc-ad)*’ Log| b&;illzx - (a+bx?)™?]

2d3

+

6d3 18 b2/3 @3

Result (type 6, 65leaves, 2 steps):
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ax® (a+bx3)1/3AppellF1[§, —i, 1, % _bd | _dX]

5c¢c (1+M

)1/3
a

Problem 703: Result unnecessarily involves higher level functions.

dx

Jx (a+bx3)4/3

c+dx3

Optimal (type 3, 277 leaves, 5steps):

2b1/3 x 2 (bc-ad)?x
1+ { )

1+——"t
bx? (a+ bx3)1/3 b'? (3bc-4ad) Ar‘cTan[——l—’;Zj v ] (bc 7ad)4/3 Ar'cTan[—‘—)—"“Jﬂ’” =

3
+ - +

3d 3\/?d2 ﬁcledz

/3

(bc-ad)*’Log[c+dx’] bY3(3bc-4ad) Log[b'?x- (a+bx?)"?] (bc-ad)*? Log[ P29 X (a+bx?)'?]
+

6c1/3 dZ 6d2 2c1/3 d2
Result (type 6, 65 leaves, 2 steps):

a x? (a+bx3)1/3Appe11F1[§, —i, 1, &, 02 _dd]

2¢ (1+ﬁ

1/3
-

Problem 704: Result unnecessarily involves higher level functions.

dx

(a +b X3) 4/3
sz (c+dx?)
Optimal (type 3, 254 leaves, 5 steps):

14 20x 1, 2(bc-a )2 x

a (a+bx3)? ) b4/3 Ar‘cTan[—‘—*—i}‘;ﬁ\m ] ) (bc-ad)*? Ar‘cTan[——]—C"@g*z =] )
cx V3 d V3 c*3d
(bc-ad)*’Log[c+dx}] b*3Log[bY3x- (a+bx3)"?] (bc-ad)®’ Log| bc?jal/ax - (avbx?) 7]
- +
6ct3d 2d 2c43d

Result (type 6, 63 leaves, 2 steps):
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a(a+bx3)"’ AppellF1|- i, -

4
3
1

3 /3
CX(1+bi)
a

Problem 705: Result unnecessarily involves higher level functions.

dx

J(a+bx3)4/3

x5 (c+dx3)

Optimal (type 3, 201 leaves, 4 steps):

2 (bc—ad\l’/zx
+ )

1 /3
a (a+bx3)1/3 (5bc-4ad) (a+bx3)1/3 (bc—ad>4/3Ar‘cTan[ - \/zjx ]

- - - +

4 cx* 4 c?x A3 7’3

(bc —ad)4/3 Log[ (be-ad)¥3x (a+bx3)1/3]

cl/3

(bc-ad)*? Log[c+dx?]

6c’/3 5 c7/3
Result (type 5, 90 leaves, 2 steps):

bx> dx3
a(a+bx?)? (1+ dc—x3>4/3 Hyper‘geometr‘icZFl[—g, —g, —% —ﬂ:j]

3
c+d X3

1/3
4cx4 (1+ M)

Problem 706: Result unnecessarily involves higher level functions.

dx

J(a+bx3)4/3

x8 (c+dx3)

Optimal (type 3, 250 leaves, 5steps):
a(a+bx®)¥? (8bc-7ad) (a+bx?)?? (4b?c2-35abcd+28a2d?) (a+bx})?

+

7 cx’ 28 c2 x* 28 ac3x
1+2(bc—ad)l/zx ,
d(bc—ad)“”Ar‘cTan[;”ég’—*”i] d(bc-ad)*Logcsdx’] d(bc—ad)4/3Log[iL;i&—(a+bx3>1/3]
3 cles : 6 clé/3 ' 2 cter3

Result (type 5, 169 leaves, 2 steps):
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1

[12c (bc-ad) x* (a+bx?) (c+dx?) Hyper‘geometr‘icZFl[—l, 2, =, ———L—1] -
28 c* x’ (a+bx3)2/3 3

(4c-3dxX°) (c (a+bx?) (5bcx?+a (c-4dx?)) -2 (bc—ad)zx5Hyper'geometr‘ic2F1[f, 1, = —— ]

Problem 707: Result unnecessarily involves higher level functions.

dx

J (a+bx3)*?

x11 (c +dx3)

Optimal (type 3, 318 leaves, 6 steps):
a(a+bx®)¥? (11bc-10ad) (a+bx})"? (2b?c?2-40abcd+352a%d?) (a+bx?)??

+

10 c x1@ 70 c? x’ 140 a c3 x*
1+2[bc—ad:}l/3x
2 4/3 cl/3 (a:bx3) Y3
(6b>c3+20ab>c2d-175a2bcd? 1402 d®) (a+bx?)¥? ¢ (bc-ad)* ArcTan] NeS ]
- +
140 a2 c* x 3 1373

d? (bc_ad>4/3 Log[—(m}ﬁ_ (a+bx3>1/3]

c1/3

d? (bc-ad)*’ Log[c+dx?]

6 c13/3 - 2 c13/3

Result (type 5, 260 leaves, 2 steps):
1

6c(bc-ad)x® (a+bx?) (11c®+2cdx®-9d*x°%) Hyper‘geometr‘icZFl[—l, 2, =
140 c> x° <a+bx3)2/3 3

(14c2—12cdx3+9d2x6)

-

c (a+bx?) (5bcx3+a(c—4dx3))—2(bc—ad)zx6Hyper‘geometr‘ic2F1[E, 1, =, ———1| -
3

(bc—ad)x3

18c (bc-ad) x’ (a+bx?) (c+dx3)2Hyper‘geometricPFQ[{f1, 2, 2}, {%, 1},
3 3 c (a+bx?)

]

Problem 708: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

J(a+bx3)4/3

x14 (c +dx3)

Optimal (type 3, 392 leaves, 7 steps):
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a (a+bx3’)1/3 (14bc-13ad) (a+bx3>1/3 (4b?c2-143abcd+130a2 d?) (a+bx3)1/3

- - +
13 ¢ x*3 130 c2 x1° 910 a c3 x’
(12b3c®+26ab?c2d-520a’bcd*+455a%d®) (a+bx?)"> (36b*c*+78ab’c3d+260a2b2c?d?-2275a>bcd®+1820a%d*) (a+bx3)?
- +

1820 a? c* x4 1820 a3 ¢ x

2 (bc-ad)'?x

1+ —t
d3 (bc—ad)‘wAr‘cTan[ﬁﬁb—xzﬁ} I (bcfad)‘m Log[c + d ] d3 (bc—ad)‘”3 Log[i—)—bc’;il’qx - (a+bx3)1/3]
+

3 1673 6 c16/3 2 c16/3

Result (type 5, 1446 leaves, 2 steps):
1

1820 cb x13 <a+bx3)2/3
140 a%c® +840abc’® x> -686a2c*dx?+700b%c®x®-1316abc*dx®+612a2c3d?x®-630b%2c*dx® +1152abc>d?x®-513a%c?2d®x°+

1 2 (bc-ad)x3
540 b? ¢ d? x'? - 918 ab c* d® x*? + 324 a2 c d* x'? - 405 b? c? d® x** + 324 a b c d* x™® - 828 a b c® x® Hypergeometric2F1[- —, 2, —, Q] +
3 3 c(a+bx?)
1 2 (bc-ad)x® 1 2 (bc-ad)x?
828 a’ ¢* d x® Hypergeometric2F1[- =, 2, —, ——————] - 828 b c® x® Hypergeometric2F1[- =, 2, —, ———
3 3 c(a+bX) 3 3 c(a+bxX)
(bc-ad)x®

c (a+bx?)

1 2 (bc—ad) x3
918 ab c* d x° Hypergeometric2F1[-~, 2, =,
37 ¢ (a+bx3)
bc-ad) X3 bc-ad) x3
90 b2 c* d x° Hyper‘geometr‘icZFl[—l, 2, %, M] + 234 ab c? d? x° Hypergeometric2F1| - M] -
3 3 c(a+bx3) c(a+bx3)

bc-ad) x3 bc-ad) x’
324 a2 c?2d® x° Hyper‘geometr‘icZFl{—l, 2, 3, &] +324 b2 3 d? x*? Hyper‘geometr‘icZFl{—E, 2, 3, &] -
3 3 c(a+bx3) 3 3 c(a+bx3)
bc-ad) 3 bc-ad) 3
918 ab c?d3 x*? HypergeometricZFl[fl, 2, E, M} +594 a2 ¢ d* x*? Hyper‘geometricZFl[fl, 2, E, M] -
3 c(a+bx®) 3 c(a+bx®)
(bc-ad) x?

c (a+bx3)

] +

_ 2 3426 ; 71 2
} 90 a“ ¢’ d° x Hyper‘geometr‘1c2F1[ y 2, —,
3

w
w

w |

2
» 25, —,
3

w
w

)21 _J —]7
3 c(a+bx®)
(bc-ad) x®

) 2 5 . 2 5 (bc-ad)x®
280 b? c® x® Hypergeometric2fF1[ —, 1, =, ———————| + 568 a b c* d x® Hypergeometric2F1[~, 1, =, ———| -
3 3 c(a+bxX?) 3 3 c(a+bX)

) 30 . 2 5 (bc-ad)x® . . ) 2 5 (bc-ad)x®
280 a? c? d? x® Hypergeometric2F1| —, 1, =, ~——————| + 252 b ¢* d x° Hypergeometric2F1[ =, 1, =, ———] -
3 3 c(a+bx®) 3 3 c(a+bx®)

) 2 5 (bc—ad)x3 ) 2 5 (bc—ad)x3
504 a b c® d? x? Hypergeometric2F1| —, 1, =, ~———————| + 252 a% c* d® x? Hypergeometric2F1| ~, 1, =, ~———————
3 3 c(a+bx®) 3 3 c(a+bx®)

3
}+594abcd4x15H . 71 2 (bC—ad)x
YDergeometrlczFl[
3

1 2
594 b2 c? d* x'* Hypergeometric2Fi[- =, 2, =,
3 3

] -
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L 5 (bc—ad)x3
R c (a+bx3)

> 1, —,

2 5 (bc—ad)x3
3 3 c(a+bx3)

216 b? c® d? x*? Hypergeometric2F1 | | +432abc?d®x Hypergeometric2F1|

w N

bc-ad) x? bc-ad) x3
216 a2 ¢ d* x*2 Hyper‘geometr‘icZFl[E, 1, E, u] +162 b? c? d* x** Hypergeometr‘icZFl[E, 1, 5, M} -
3 3 c(a+bx?) 3 3 c(a+bxX)
bc-ad) x3 bc-ad) x3
324abcd*x*® Hyper‘geometricZFl[E, 1, E, &] +162 a% d° x*° Hypergeometr*icZFl[%, 1, E, M
3 3 c(a+bx®) 3 3 c(a+bx®)
5 1 2 (bc-ad) x?
54c (bc-ad)x’ (a+bx?) (7c-6dx*) (c+dx’) Hyper‘geometr‘icPFQ[{—f, 2, 2}, {=, 1}, —] -
3 3 c (a+bx?)
bc-ad) x?
54c (bc-ad) x* (a+bx?) (c+dx3)3Hyper‘geometr‘icPFQ[{—l, 2, 2, 2}, {E, 1, 1}, &
3 3 c (a+bx?)
Problem 721: Result valid but suboptimal antiderivative.
X6
J dx
(a+bx3)'? (c+dx?)
Optimal (type 3, 273 leaves, 4 steps):
14 2b1/3x 1+2ﬂbc—ad$3'3x
x (a+bx3)?> ) (3bc+ad) Ar‘cTan{Azi—;ﬁ] ) c4/3Ar‘cTan{#v"“3j*3£} )
3bd 34/3 b%/3 g2 V3 d? (bc—ad)1/3
c*3 Log[c+dx?] c*/? Log | bc—:l/(/131r/3x7(a+bx3>1/3} (3bc+ad) Log[-bY3x+ (a+bx3)!?]
- +
6d?> (bc-ad)'? 2d? (bc-ad)'”? 6 b*/3 d?
Result (type 3, 394 leaves, 15 steps):
1+ 2bY3x c1/3+2<bc7ad)]'/3x b3
abx3) Y3 arbx3)'? o x
« (a+bx3)2/3 ) (3bc+ad) Ar‘cTan[—‘—>—\/*’37 ] ) c4/3Ar.C-|—an[_(_;_ﬁcbl/3 ] + (3bc+ad) Log|[1 (a+bx3)1/3] ]
3bd 3+/3 b*/3 g2 V3 d® (bc-ad)*? 9b*/3 d?

2/3 x2 13 bc-ad)¥3x (bc-ad)?/3x? /3 (bc-ad)Y/3x
3bc+ad) Log[1+ XX, _b/TX c?/3 Log[cl/3 - {bead X (4/3 ) gg[c2/3 4 X ,
( ) g[ (a+bx3)z/3 (a+bx3)1/3 } g[ (a+bx3)l/3 ] g[ (a+bx3)2/3 (a+bx3)1/3 ]

18 b*/2 d? _ 3d? (bc-ad)'? 6d> (bc-ad)'?
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Problem 722: Result valid but suboptimal antiderivative.

X3
dx
J(aerxs)l/3 (C+dx3>

Optimal (type 3, 233 leaves, 3 steps):

1+ 2b1/3x/ 1+2[’bc—ad]l//3/x ’
Ar‘cTan[%} c1/3Ar‘cTan[#v‘%‘b—mi] 3 Log[c + d ] cl/3 Log[lbc;;i)ﬂf (a+bx3)'?] Log[ b3 x+ (a+bx3)*?]
_ _ . _
V3 b3 d V3 d(bc-ad)? 6d (bc-ad)?? 2d (bc-ad)'? 2b'3d

Result (type 3, 346 leaves, 14 steps):

2b1/3 2 (bc-ad)Y?x
1+ x /3,20 )

p s bY/3 x
a:bx?) V3 1/3 _ (asbx®)¥P Log|l- ———
Ar‘cTan[—(—J—ﬁ ] ) c/3 ArcTan| ey ] ) gl <a+bx3)1/3:| )
/3 b3 d V3 d(bc-ad)'? 3bid
2/3 x2 b/3 x bc-ad)¥3x (bc-ad)?/3x? /3 (bc-ad)Y3x
Lo 1+ b X c1/3 Lo c1/3 _ (bc-ad)/*x C1/3 Lo C2/3 + +
g[ (asbx?)*? (a+bx3)1/3] g[ (asbx?)*? ] g[ (a+bx3)?/? (avbx3)¥/? }
. _
6b%/3d 3d(bc-ad)'? 6d (bc-ad)?

Problem 723: Result valid but suboptimal antiderivative.

J 1 dx
(a+bx3)1/3 (c+dx3>

Optimal (type 3, 148leaves, 1step):

1+ 2 (bc—ad)wx

ArcTan | T] Log[c +dx?] Log| bcfli T (a #bx?) 7]
+ _
\/?CZ/3 (bc_ad>1/3 6C2/3 (bC*ad>1/3 2C2/3 <bC*ad)1/3

Result (type 3, 207 leaves, 7 steps):

c1/3+2(bc7ad)1/'3x .
T (bc-ad)?/? (bc-ad)¥3x> 3 (bc-ad)¥?
Ar‘cTan[ abx } Log[c1/3 _ c-a : 3x] Log [CZ/E' i c-a . 3x L & . x]
3 /3 (a+b x3) / (a+b x3) / (a+bx3)

\/?CZ/?’ (bc—ad)1/3 - 3 ¢2/3 (bc—ad)1/3 6 c2/3 (bcfad)1/3
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Problem 724: Result valid but suboptimal antiderivative.

J 1 dx
x3 (a+bx3)1/3 (c+dx?)

Optimal (type 3, 176 leaves, 3 steps):

2 (bc-ad)3x
L 20

1 e
d Ar‘cTan[M}

(a+bx3)?? Nes dLog[c+dx?] d Log| bu:l?al/sxf (a+bx?) 7]
- - - +
2acx? NEWSTE (bc—ad>1/3 6 c5/3 (bc—ad>1/3 2 ¢5/3 (bc—ad)1/3

Result (type 3, 235leaves, 8 steps):

bc-ad)?x
c/2i 2 aib )/ d LOg[Cl/?’ _ (bc-ad 1/3x] d Log[c2/3 + (bc-ad)¥3x? + /3 (bc—ad)1/3x]
(a+bx?)?? d ArcTan [ — =] (asbx?) /2 (asbx?)?/? (asbx?) /2
- - +

2acx? V3 3 (bc-ad)'? 3¢ (bc-ad)?? ) 6c°? (bc-ad)'?

Problem 725: Result valid but suboptimal antiderivative.

J 1 dx
X6 (a+bx3)1/3 (c+dx?)

Optimal (type 3, 214 leaves, 4 steps):

2 (bc-a d)l//3 x

1+ 3 B ,
(a+bx*)*? (3bc+5ad) (a+bx3)?? d? ArcTan | cmgxz -] d? Log|c +dx?] d* Log | bc:jzl/zx -~ (a+bx?)™?]
- + + + -
5acx® 10 a2 c2 x2 NEWSE (bc—ad)1/3 6c®3 (bc-ad)'? 2¢%3 (bc-ad)'?

Result (type 3, 271 leaves, 9steps):
5 c1/3+2_(‘bc:d—)1:éx d? L 1/3 (bc-ad)V/3x 2L 2/3 (bc-ad)?/3x? /3 (bec-ad)¥3x
abx3) Y3 —
(bc+ad) (a+bx3)??  (a+bx?)*? d? ArcTan | 3 ] og|c (asbx3) ¥ ] og[c*?+ (a+bx?)?/? " (arbx?) V2 }

2 a%c? x? 5a2cx’ : \/?c‘m(bC—ad)l” 3c8/3(bc—ad)1/3 ! 6c3/3(bc—ad)1/3

Problem 726: Result valid but suboptimal antiderivative.

1
Jx9 (a+bx3)1/3 (c+dx?)

dx

Optimal (type 3, 262 leaves, 5 steps):



102 | 1 Algebraic functions.nb

(a+bx-”)2/3 (3bc+4ad) (a+bx3’)2/3 (9b?c2+12abcd+20a?d?) (a+bx3’)2/3
_ . _

8acx? 20a2c? x° 40 a3 3 x?
1+2(bc7ad11’3x
d3Ar.cTan[c_‘*”\/a37Lxﬂi] & Log[c + d ] d3 Log[jbC;cali)&, (a+bx3>1/3]
- +
V3 3 (bc-ad)*? 6c?(bc-ad)'? 2¢13 (bc-ad)??

Result (type 3, 317 leaves, 9steps):

(b2c?+abcd+a?d?) (a+bx3)2/3 (2bc+ad) (a+bx3)5/3 (a+bx3)8/3
_ N _ _

2 a3 c3x? 5a3c2x5 8a3cx8

/3, 2locad)x 1/3 2 G
1/ (bc-ad)¥3x _ /3 2 1/3 _ 1/3
d3 Ar‘cTan[ (asbx}) Y3 } d3 Log[c1/3 _ t(?c adz)l/gx] d3 LOg[CZB 4 (b(c ad3)>2/3x e <(bc e:)dl)/3 x}
/3 /3 a+b x a+b x a+b x?) ™
+

\/?cll/B (bc—ad)lB 3 cli/3 (bc—ad)”s - 6 cli/3 (bc—ad)”s

Problem 738: Result valid but suboptimal antiderivative.

X7
dx
J(a+bx3)2/3 (c+dx?)

Optimal (type 3, 279 leaves, 5 steps):

2b1/3 x

L2 STy
2 (a+bx3>1/3 ) (3bc+2ad) Ar‘cTan[“a—*\g"—} ) c5/3Ar‘cTan[;jB;#l—] )
3bd 3+/3 b5/3 ¢2 /3 d? (bc—ad)2/3

c5/3 Log[ bc-ad)¥3x - (a+bx3)1/3]

/3

c?Log[c+dx}] (3bc+2ad) Log[b¥?x- (a+bx?)'?]
+
6d2 (bc-ad)?? 6 bS/3 g2 2d2 (bc-ad)??

Result (type 3, 400 leaves, 16 steps):

/ 1/3
1+ 2b1/3 x c1/3+2(bc7ad)/ x

X2 (a+bx3)V? (3bc+2ad) Ar‘cTan[—%Ji} 5’3 ArcTan [ ——eeXl | (3bc+2ad) Log[1- bl/#}

V3 3 (a+bx?) ¥/
+ - +

3bd 3+/3 b%/3 d2 V3 d® (bc-ad)?”? 9b%3 d?

(3bc+2ad) Log[1+ b bl/3 x

] c5/3 Log[c1/3 _ (bc-a d)1/3><} c5/3 Log[c2/3 L bcad)?Px? P (bea d>1/3x]
(a+b x3)2/3 (a+bx3)1/3

~ (a+b x3)1/3 . (a+bx3)z/3 (a+b x3)1/3

18 b%/3 d? 3d? (bc-ad)?? 6d> (bc-ad)??
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Problem 739: Result valid but suboptimal antiderivative.

N
dx
J(aerxs)Z/3 (C+dx3>

Optimal (type 3, 234 leaves, 3 steps):

1+ 2bY/3 x 1+2fbcfad)]”3x
arbx3) V3 /3 (a:by3| Y3 - 1/3
Ar‘cTan[—%)—] c2/3Ar‘cTan[#—} c?3Loglc+dx}] Log[bl?x- <a+bx3)1/3} c?/? LOg[jbc—;iM’ (a+bx?)*?]
- + - - +
V3 b3 d V3 d(bc-ad)?? 6d (bc-ad)?? 2b2/3d 2d (bc-ad)??
Result (type 3, 346 leaves, 14 steps):
1+ 2b1/3x/ C1/3+2(bc—ad)]/3x ] L b1/3 5
(a+bx3)*/? 2/3 (asbx3)'/3 o -
ArcTan| o | « Ar‘cTan[——’—ﬁ oy ] 8| (a+bx3)1/3]
- + - +
/3 b3 d V3 d(bc-ad)*? 3b¥2d
Log |1 b2/3 x2 b/ x c2/3 Log[ct/3 _ (bc-ad)¥3x c2/3 Log [ c2/3 (bc-ad)?3x2  ¢¥/3 (bc-ad)¥3x
gli (a+bx?)?/? (a+bx3)1/3] d (a+bx?)¥/? ] d ’ (a+bx3)?/? " (asbx3)?/? }
+ -
6b%°d 3d (bc-ad)?? 6d (bc-ad)??

Problem 740: Result valid but suboptimal antiderivative.

J X dx
(a+bx3)2/3 (c+dx3>

Optimal (type 3, 149leaves, 1step):

1+ 2 (bcfad\/qu

preton S]] Lo B85 (o)
_ N _
V3 3 (bc-ad)?® 6c¥? (bc-ad)?? 2¢? (bc-ad)??

Result (type 3, 208 leaves, 7 steps):

cifs, 2locadlTs (bc-ad)¥3x (bc-ad)?3x 3 (bec-ad)¥3x
Y _ _ _
ArcTan [ e ] Log [C1/3 - ] Log [C2/3 + + ]
13 Y3 (a+bx3)1/3 (a+bx3)z/3 (a+bx3)1/3

) NENE (bc—ad)2/3 ) 3cl/3 (bc—ad)Z/3 6 cl/3 (bc—ad)Z/3
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Problem 741: Result valid but suboptimal antiderivative.

J 1 dx
x2 (a+bx3)2/3 (c+dx?)

Optimal (type 3, 173 leaves, 3 steps):

2 (bc-ad)3x
L 20 )

1

) (a+bxs>1/3+dAr‘cTan[—‘\/?J—} ) dLog[c + dx?] +dLog[lbc—c"“l/‘j;ﬁ—(a+bx3)1/3]
acx \/?Cus (bc—ad>2/3 6 c4/3 (bc—ad)Z/B 2 c4/3 (bc—ad)2/3

Result (type 3, 232 leaves, 8 steps):
C1/3+2 bc-ad)¥?x

/3 (bc-a d)1/3x]

; _ad)Y? bc-ad)??x?
2V dlog[cl/3_ tbead¥x] 4 5[c2/3 , L )
(a+bx3)/? dArcTan[—etir—] d (asb ) /3 ] gle??+ ()7 (2]
- N N -
acx V3 ¢*3 (bc-ad)?”? 3¢? (bc-ad)?? 6c*? (bc-ad)??

Problem 742: Result valid but suboptimal antiderivative.

J 1 dx
x5 (a+bx3)2/3 (c+dx?)

Optimal (type 3, 215leaves, 4 steps):

2 (bc-a d)l//3 x

1+ 3 B ,
(a+bx*)¥? (3bc+4ad) (a+bx3)? d? ArcTan | cmgxsl ] d? Log|c +dx?] d? Log | bc:jal/})(* (a+bx?)?]
_ . _ _
4acxt 4a%c?x NENUE (bc—ad)2/3 6c7/3 (bcfad>2/3 2c7/3 (bcfad)Z/3

Result (type 3, 269 leaves, 9 steps):

c1/3+2(bc7ad)l/’3x .
3)1/3 bc-ad)/3x
d? ArcTan | ——e2222 ] d? Log [ct/3 - et

(bc+ad) (a+bx3)? i (a+bx?)*? i 73 i (asbx?) ¥/

d2 Log[c2/3 + (bc-ad)?/3x? + /3 (be-ad)V3x

(a+bx?)?/? (a+bx?)V/?

]

a?c?x 4a%cx4 NEXLE (bc—ad)2/3 3c7/3 (bc—ad)Z/3

Problem 754: Result unnecessarily involves higher level functions.

9

j X dx
(a + bx3)4/3 (C +dx3>

Optimal (type 3, 322 leaves, 5steps):

6c’/3 (bc—ad)Z/3
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1+ 2b1/3x/
a x4 ) (bc-4ad) x (a+bx3)?? ) (3bc+4ad) Ar‘cTan[%#] )
b(bc-ad) (a+bx?)*? 3b*d (bc-ad) 33 b7/3 g2
1+2(bc ad)Y?x
cl/3 (asbx3) 3 - 1/3

c7/3Ar‘cTan[#] <2 Loglc+d x| <’ LOg[ibc—:l,i)—X* (a+bx?)™?] (3bc+4ad) Log[-b3x+ (a+bx?)?]

+ - +
V3 d? (bc-ad)*? 6d? (bc-ad)*? 2d? (bc-ad)*? 6b7/3 d?

Result (type 6, 67 leaves, 2 steps):

1/
10 bx®
X (1+ ;A ) > )

3 a C

3 3 3
AppellFl[%, 51 8, b, _de]

10ac (a+bx3)1/3

Problem 755: Result unnecessarily involves higher level functions.

X6
dx
J(a+bx3)4/3 (c+dx?)

Optimal (type 3, 260 leaves, 4 steps):

2bY/3 x 2 (bc-ad)¥3x
1+ L2

Ar‘cTan[—f%i] c4/3ArcTan[M}

ax V3
N -
b(bc-ad) (a+bx3)*? V3 b*3d V3 d(bc-ad)*?
c*3 Loglc+dx?] . c*/? Log| hcfl?;llzx - (avbx?) 7] ) Log[-bY3x+ (a+bx3)?]
6d (bc-ad)*? 2d (bc-ad)*? 2b%3d

Result (type 6, 67 leaves, 2 steps):

1/3
x7 (1+"Tx3) AppellF1[Z, %, 1, 10, X _dx]

3 a C

7ac (a+bx3')1/3

Problem 756: Result unnecessarily involves higher level functions.

X3
dx
j(a+bx3)4/3 (c+dx?)

Optimal (type 3, 172leaves, 3 steps):
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2 (bc-ad)'?x

1+ ———F—— 7 1/3
. c1/3ArcTan[#f3;L”l'—] /3 Log[c + d %] c1/3 Log [ Leadix (5, py3) V3]
cl/
7(bc—ad> (a+bx3)1/3+ V3 (bc-ad)*? ' 6 (bc-ad)*? ) 2 (bc-ad)*?
Result (type 5, 92 leaves, 2 steps):
bx_ax
x4 (1+ %‘)1/3 Hyper‘geometr‘icZFl[:—, ‘31, g, _C_(:jd_ﬁL)_]
4ac(a+bx?)?? (1+ dc—xg)‘w
Problem 757: Result valid but suboptimal antiderivative.
1
j dx
(a+bx3)4/3 (C+dx3>
Optimal (type 3, 179leaves, 2 steps):
1+ 2 (bc-a d>l’/3?< )
bx d ArcTan[———""s\%’*”“ ] dLog[c + dx*] d Log [ {oe-2dlmx Pxo (a+bx3)*?]
cl/
- +
a(bc-ad) (a+bx?)¥? /3 23 (bc-ad)*? 6c*? (bc-ad)*? 2¢?? (bc-ad)*?

Result (type 3, 238 leaves, 8 steps):

(bc-a 1/3)(
dAPCTan[—C1/3+2(Z+bxj 3 ] d Log[c1/3 _ (bc—ad)1/sx} d Log[CZ/E‘ . (bc-ad)¥3x? N c1/3 (bc—ad)1/3x]
b x V3 s (asbx3)"/? (asb3)?/? (asbx3) V3

.
a(bc-ad) (a+bx?)¥? /3 23 (bc-ad)*? 3¢?? (bc-ad)*? 6c?3 (bc-ad)*?

Problem 758: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J ! dx
x3 (a+bx3)4/3 (c+dx?)

Optimal (type 3, 229 leaves, 4 steps):

14 2 (b cfad)l//3 X

b (3be-ad) (asbx)?? d? ArcTan [ —= e | _dlog[cadx’] ¢? Log [{2<292x — (a4 b)) 7]
a(bc_ad>x2 <a+bx3)1/3 2a2c(bc7ad)x2 A3 c5/3 <bc_ad)4/3 6 c>/3 (bc—ad)4/3 2¢c>/3 (bc—ad)4/3

Result (type 5, 542 leaves, 2 steps):
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1
14c* (bc-ad) x® (a+bx3)7/3

bc-ad) x3
g4 (be-ad)e,

3 ¢ (a+bx3)

4 (bc—ad)x3
)1J 7J7 -
3 c(a+bx3)

28 ¢* (a+bx3)2+168 c3dx3 <a+bx3)2+126 c2d?x® (a+bx3)2—28 c* (a+bx3)2Hyper‘geometr‘ic2F1[

w | =

4 (bc—ad) x3
)11 7} - _

168 c*dx® (a+bx’) 2 Hypergeometric2F1|
3 c(a+bx®)

| -126 c2d*x® (a+bx?) 2 Hypergeometric2F1|

w | =
w | =

bc-ad) x?
15 c? (bc—ad)zx6 Hypergeometric2Fi|2, Z, E, M} -42cd (bc—ad)zx9 Hypergeometric2Fi|2, Z,
33 c(a+bx?) 3

10 (bc—ad) x3

)

3 c(a+bx?)

bc-ad) x3 e adl
27 d? (bc—ad)2x12 Hypergeometr‘iczFl[z’ Z, E, &] -9¢c? (bc—ad)2x6 Hypergeometr‘icPFQ[{z, 2, Z}, {1, E}, &] _
3 3 C<a+bx3) 3 3 C(a+bx3>
bc-ad) x3
18cd (bc—ad)2x9 Hyper\geometr‘icPFQ[{z, 2, Z}, {1, E}, w] B
3 3 c (a+bx?)
bc-ad) x3
9d? (bcfad>2X12 Hyper'geometr'icPFQ[{L 2, Z}, {1, E}, u]
3 3 c (a+bx?)

Problem 759: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1
Jx6 (a+bx?)*? (c+dx?)

dx

Optimal (type 3, 287 leaves, 5steps):
b (6bc-ad) (a+bx3)*> (18b2c?-3abcd-5a2d?) (a+bx3)??

a(bc-ad)x® (a+bx?)*? 5ac (bc-ad) x® ' 10a*c? (bc-ad) x? )

2 (bc-ad)?x
i

1
1/ 11/3
d? ArcTan [ —<laeas |

Nes d? Log[c + d x?]
- +
V3 33 (bc-ad)*?  6c*? (bc-ad)?’ 2¢%3 (bc-ad)*?

a3 Log[ (bc-ad)¥/3x _ (a+bx3)1/3]

/3

Result (type 5, 950 leaves, 2 steps):
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1

56¢° (a+bx?)?-252c*dx® (a+bx?)?-1512c3d?x® (a+bx?)?-1134c2d*x° (a+bx?)* -
70c® (bc-ad) x® (a+bx3)7/3

bc-ad) X be_adl
56 > (a+bx3)2Hyper‘geometr‘icZFl[l, 1, ﬁ, 7( c-ad)x | +252c*dx? (a+bx3)2Hyper‘geometr‘icZFl[l, 1, i, —( c-ad)x
3 3 c(a+bxX3) 3 3 c(a+bX?)
3 2 1 4 (bc—ad) x3 5
1512 > d’> x® (a + b x?) * Hypergeometric2F1| ~, 1, —, —————] + 1134 c*d® x° (a + b x*) * Hypergeometric2F1[ ~, 1, —
3 3 c(a+bx®)
bc-ad) 3 bc-ad) 3
18 (be - ad)? x* Hypergeometriczri[2, 2, 22, M}mlczd(bc,ad)ZXgHypePgeomemczFl[z, 7 10 (bc-ad)x
33 c(a+bx?) 33 c(a+bx?)
bc-ad) x3 bc-ad) 3
486 c d® (bc-ad)?x'2 Hypergeometric2F1 |2, Z, E, (be-ad)x | +297d* (bc-ad)?x*® Hypergeometric2Fi|2, Z, E, (be-ad) ¥
33 cla+bx?) 33 c(a+bx?)
bc-ad) x3
27 ¢ (bc:—ad)zx6 Hyper‘geometr*icPFQ[{z, 2, z}, {1, E}) & .
3 3 ¢ (a+bx?)
bc-ad) x3
216 c2d <bc—ad)2x9 Hyper‘geometr‘icPFQHZ, 2, Z}J {1, E}J M] N
3 3 c (a+bx3)
bc-ad) x3
351 c d? (bc—ad)2leHyper'geometr‘icPFQHZ, 2, Z}, {1, E}, 7( c-ad)x +
3 3 c (a+bx?)
10, (bc-ad)x?
— —_—— | +

7

162 d3 (b c - ad)? x* HypergeometricPFQ[{2, 2, — 1
( ) yperg ({2, ,3},{, 3}, (a1 bx)
bc-ad) x3
27 ¢ (bcfad)zx6 Hyper‘geometr‘icPFQ[{Z, 2,2, Z}, {1, 1, E}, u] +

3 3 c (a+bx?)
bc-ad) x3
81 c?d (bcfad)zx9 Hyper‘geometr‘icPFQ[{Z, 2,2, Z}, {1, 1, E}, M
3 3 c (a+bx?)

bc-ad) x3
81 c d? (bc—ad)le2 Hyper‘geometr‘icPFQ[{Z, 2,2, Z}, {1, 1, E}, &
3 3 C <a+bx3)
E} (bc-ad)x®
377 ¢ (a+bx3)

|+

27 d3 (bc:fad)le5 Hyper‘geometr‘icPFQ[{z, 2, 2, z}, {1, 1,
3

Problem 760: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1
Jx9 (a+bx3)4/3 <c+dx3)

dx

1 4 (bcfad)x3
3 3’ c(a+bx3)

] -

|+
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Optimal (type 3, 351 leaves, 6 steps):
b (9bc-ad) (a+bx3)2/3 (9bc-4ad) (3bc+ad) (a+bx3‘)2/3

: 20a3c2(bc—ad)x5

a(bc—ad)xf‘(a+bx3)1/3 8a’c (bc-ad) X
2 (bc-ad)¥3x

1

d4 Log{ bc-ad)¥3x N <a +bX3)1/3}

(81b° > ~9ab?c?d 12a2bcd? 20a°d?) (a+bx?)? dPANCTan[ RS ey re L gy0) s
+ + -
40a*c® (bc-ad) x? NEN % (bcfad)‘”3 6 cl1/3 (bc—ad)‘”3 2 clt/3 (bc—ad)‘”3

Result (type 5, 1486 leaves, 2 steps):
1

560 c® (bc-ad) x! (a+bx3)7/3
280c® (a+bx?)?-672c°dx® (a+bx*)?+3024c*d?’x® (a+bx*)?+18144 3 d*x° (a+bx?)?+ 13608 c>d*x™ (a+bx?) -
4 (bc—ad) x3

1 —
R S (a+bx?)

] _

W |-

bc-ad) x3
4 M] +672c2dx® (a+bxX?) 2 Hypergeometric2F1|
3

Jl) 3
c (a+bx?)

288 c® (a+bx?) ? Hypergeometric2F1 |

w |

bc-ad) x3 bc-ad) x3
3024 c* d? x° (a+bx3)2Hyper‘geometr‘icZFl[l, 1, ﬁ, M} - 18144 c3 d3 x° (a+bx3)2Hyper‘geometr‘icZFl[l, 1, i, & -
3 3 c(a+bx3) 3 3 c<a+bx3)
bc-ad) x3 bc-ad) x3
13608 c? d* x1? (a+bx3)2Hyper‘geometr‘icZFl[l, 1, i, M} - 66 c* (bc-ad)?x° Hypergeometric2F1|2, Z, E, M
3 3 c(a+bx®) 33 c(a+bx?)

bc-ad) x3 bc-ad) x3
B E, w] - 2268 c? d? (bc—ad)zx12 Hypergeometric2F1[2, —, E, M
3 c(a+bx®) 33 c(a+bx?)

w | N

312c>d (bc-ad) ? x° Hypergeometric2F1(2,
10 (bc-ad)x?
St SLAN I

w |~

bc-ad) x?
16 M} _ 4050 d* (b c-a d)z x18 Hypergeometr‘icZFl[Z,

6696 c d® (b c - ad)? x! Hypergeometric2F1[2, —, —,
( > ypPere [ c(a+bx3) 3 c(a+bx3>

373

bc-ad) x3

189 c* (bc_ad>2xs HypergeometricPFQ[{2, 2, —}, {1, E}, &
3 3 C (a+bx3>

3618 c? d2 (bc—ad)zx12 HypergeometricPFQ[{2, 2, =}, {1, —}, ————] -
3 3 c (a+bx?)

6156 c d3 (bc—ad)zx15 Hyper‘geometr‘icPFQ[{Z, 2, Z}, {1, =}, ————
3 3 ¢ (a+bx?)



110 | 1 Algebraic functions.nb

bc-ad) x3
54 c* (bc—ad)zx6 HypergeometricPFQ[ {2, 2, 2, Z}, {1, 1, E}, M -
3 3 c (a+bx?)

648 c>d (bc —ad)zx9 Hyper‘geometr‘icPFQ[{z, 2, 2, Z}, (1,1, —},
3

2268 c2 d? (bc—ad)zx12 Hyper‘geometr‘icPFQ[{Z, 2,2, Z}, (L, =}, —————| -
3 3 c (a+bx3)

bc-ad) x3
2376 ¢ d® (b c - ad)? x*® HypergeometricPFQ| {2, 2, 2, Z}, {1, 1, E}, M
3 3 c (a+bx?)

bc-ad) x3
810 d* (bc—ad)zx18 Hyper‘geometr‘icPFQ[{Z, 2,2, Z}, {1, 1, E}, M -
3 3 c (a+bx3)

bc-ad) x3

81 c* (bc—ad)zx6 HypergeometricPFQ|[{2, 2, 2, 2, Z}, {1, 1,1, E}, M} -
3 3 C (a+bx3)

bc-ad) x3

324 c3d (bc-ad)?x® HypergeometricPFQ[ {2, 2, 2, 2, Z}, {1,1,1, E}, &] -
3 3 C <a+bx3)

bc-ad) x3

486 c? d? (bc—ad)lez HypergeometricPFQ[ {2, 2, 2, 2, Z}, {1, 1,1, E}, M -
3 3 c (a+bx?)

bc-ad) x3
324cd? <bc—ad)2x15 Hyper‘geometr‘icPFQ[{z, 2,2, 2, Z}, {1, 1,1, E}, @
3 3 ¢ (a+bx?)

bc-ad) x3
81d* (bc—ad)les HypergeometricPFQ[{z, 2,2,2, Z}, {1,1, 1, B}, M ]
3 3 C (a+bx3)

] -

Test results for the 46 problemsin "1.1.3.6 (g x)"m (a+b x*n)"p (c+d x*n)*q (e+f x*n) r.m"
Test results for the 594 problemsin "1.1.3.8 P(x) (c x)"m (a+b x"n)*"p.m"

Test results for the 454 problemsin "1.1.4.2 (c x)"m (a x*j+b x*n)*p.m"

Test results for the 298 problems in "1.1.4.3 (e x)*m (a x"j+b x"k)*p (c+d x*n)*q.m"

Test results for the 143 problemsin "1.2.1.1 (a+b x+c x*2)*p.m"



Test results for the 2590 problemsin "1.2.1.2 (d+e x)"m (a+b x+c x"2)*p.m"

Problem 1412: Result valid but suboptimal antiderivative.

<a+bx+cx2)4/3
J dx
(bd+2cdx)*?
Optimal (type 3, 320 leaves, 8 steps):
3(d(b+2cx))*? (a+bx+cx?)?? 9(d(b+2cx))*? (a+bx+cx?)*? 3(a+bx+cx?)’?
B . . _

16c? (b>-4ac) d° 16c (b*-4ac)’d® 4 (b>-4ac)d(bd+2cdx)®?

- 22 (d (br2cx) )’
9(a+bx+cx?)’? V'3 ArcTan| —== —] 3Log[(d (b+2cx))??-223c¥3d23 (a+bx+cx?)?]

4 (bz _4a c)2 d3 <bd +2cd X>2/3 16 22/3 C7/3 d11/3 32 22/3 c7/3 d11/3

Result (type 3, 468 leaves, 14 steps):
3(d (b+2cx>)4/3 (a+bx+cx2)1/3 9 (d (b+2cx>)4/3 (a+bx+cx2)4/3

+ +
16c? (b*-4ac) d® 16c (b>-4ac)’d®
/3 d2/3+21/3 d (br2cx))??
[ (asbxscx?) V3
3(a+bx+cx?)’? 9(a+bx+cx?)’? 3 ArcTan| V3 A ]
4<b2—4aC)d(bd+2CdX)8/3 4(b274ac)2d3 (bd+2CdX>2/3 16 - 22/3 ¢7/3 g11/3
Lo [_ 2Y/3 (d (b+2cx))2/3-2cY/3 d?/3 (atb xscx2) Y3 ] Lo [ (d (b+2 cx))¥3+22/3 1/3 43 (d (b2 x))?/3 (asbx+cx?) 312 21/3 /2 d%3 (asb x+c x?) 2> }
& (a+bx+c Xz)l/3 & (a+b X+C X2)2/3
16 22/3 c7/3 d11/3 i 32 22/3 c7/3 d11/3

Test results for the 2646 problemsin "1.2.1.3 (d+e x)"m (f+g x) (a+b x+c x*2) p.m"
Test results for the 958 problems in "1.2.1.4 (d+e x)"m (f+g x)*n (a+b x+c x"2)p.m"

Problem 833: Result valid but suboptimal antiderivative.
J\/—1+x V1+x dx

1+x-x2
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Optimal (type 3, 91 leaves, ? steps):

“AncCoshx] + : (71+\/?) ArcTan | = ] + 2 (1+\E) ArcTanh | LEXES ]
5 Jo2evs e VP J245 VCiex

Result (type 3, 191 leaves, 9steps):

L (11495) VTTox VIvx ArcTan[ T

2 (5 ) [
V-1+x \/1+x ArcTanh| ] % (1 B \/?) V-1+x V/1+x ArcTanh| 2 (145 ) x ]

J:T ° [2 (1+\E) \ ~1ex?

V-1+x? V-1+x?

Test results for the 123 problemsin "1.2.1.5 (a+b x+c x"2)"p (d+e x+f x2)*Aq.m"

Test results for the 143 problems in "1.2.1.6 (g+h x)"m (a+b x+c x"2)"p (d+e x+f xA2)*q.m"
Test results for the 400 problemsin "1.2.1.9 P(x) (d+e x)"m (a+b x+c x"2)*p.m"

Test results for the 1126 problemsin "1.2.2.2 (d x)*m (a+b x"2+c x"4)*p.m"

Test results for the 413 problemsin "1.2.2.3 (d+e x*2)Am (a+b x"2+c x"4) p.m"

Problem 174: Unable to integrate problem.
J\/a+bx2 q

1-x4

X

Optimal (type 4, 112leaves, ? steps):
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avi-x2 | J—Laajb*iz EllipticPi[i, Ar‘cSin[La*b X ] , - ﬂ]

a+b
a+b x?

Va+b V1+x? a (1)

a+b x?

Result (type 8, 25leaves, 0steps):
Vva+bx?

Vi1-x*

Unintegrable| » X|

Test results for the 413 problemsin "1.2.2.4 (f x)"m (d+e x*2)*q (a+b x"2+c x*4)*"p.m"

Problem 374: Result valid but suboptimal antiderivative.

(d +e XZ) 3/2
J dx
X2 (

a+bx2+cx4)

Optimal (type 3, 260 leaves, ? steps):

Jm[bm]e . Jm[mm)e .

(ch—(b—\/b2—4ac)e)B/ZAr‘cTan[ ]

] (2cd—(b+\/b2—4ac)e)B/ZAr‘cTan[

d~/d+ e x? b-y/b%-4ac +/d+ex? \[ b+y/b%-4ac +/d+ex?
- - +
ax Vb2-4ac (b—\/b2—4ac)3/2 Vb2-4ac (b+\/b2—4ac)3/2

Result (type 3, 432 leaves, 16 steps):
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e X

\/ZCd[b\/bZAac
2cd- (bfx/b274ac ) e (d+M] ArcTan |

]

d+vd+ex? b-dac b-+/b2-dac +/drex?
ax 2ar/b-+b%2-4ac

X

\/2cd(b+x(b24ac e
] Je x
ofoiase Jaow Ve ArcTanh[ -]

+ —

2a/b+vb2-4ac @

d- M) ArcTanh [ (2] e

b?-4ac

\/2cd—(b+\/b2—4ac>e

d- -bd2ae ] ArcTan|
b%-4ac

Ve

d 2d-2ae ) Ar‘cTanh[—*Le |

d+e x? b?-4ac d+e x?

2a 2a

Test results for the 111 problemsin "1.2.2.5 P(x) (a+b x"2+c x"4)"p.m"

Test results for the 145 problemsin "1.2.2.6 P(x) (d x)*m (a+b x*2+c x*4)"p.m"
Test results for the 42 problemsin "1.2.2.7 P(x) (d+e x"2)"q (a+b x"2+c x"4)"p.m"
Test results for the 4 problems in "1.2.2.8 P(x) (d+e x)*q (a+b x"2+c x"4) p.m"
Test results for the 664 problemsin "1.2.3.2 (d x)*m (a+b x*n+c x*(2 n))*p.m"

Problem 24: Result valid but suboptimal antiderivative.

st (a2+2abx3+b2x6)3/2dlx

Optimal (type 2, 119leaves, ? steps):

a2 (a+bx3‘)3\/a2+2abx3+b2x6 2a(a+bx3)4\/a2+2abx3+b2x6 (a+bx3)5\/a2+2abx3‘+b2x6
- +

12 b3 15 b3 18 b3

Result (type 2, 167 leaves, 4 steps):
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a3x?Va2+2abx3+b2x6  atbx2+/a?2+2abx3+b2x6  ab2x¥®/a?+2abx3+b2x6  b3x¥B+/aZi2abx3+b?xb

+ + +
9 (a+bx3) 4 (a+bx3) 5 (a+bx?) 18 (a+bx3)

Problem 478: Result unnecessarily involves higher level functions.

- dx

(a2+2abx¥3+b2x?3)P  2b3 (1-2p) (1-p)p (a®+2abx?3+b>x?¥3)P
J[ x2 3a3x

Optimal (type 3, 146 leaves, ? steps):

(a+bx/3) (a2+2abx13+b2x23)P b (1-p) (a+bx'/3) (a2+2abx3+b2x23)" b2 (1-2p) (1-p) (a+bxV3) (a+2abx1/3+ b2 x2/3|P
- +

aX a2 X2/3 a3 X1/3

Result (type 5, 162 leaves, 7 steps):
_r
a® (1+2p)

b X1/3

a

b X1/3

a

+

2b* (1-2p) (1-p)p (1+ ) (a® +2abx'/?+ b?x?/3)P Hypergeometric2F1[1, 1+2p, 2 (1+p), 1+

3b3 (1+ b’;i) (a® +2abx'/3 + b?x?/3)P Hypergeometric2F1[4, 1+2p, 2 (1+p), 1+ —bx1/3]

a

a® (1+2p)

Test results for the 96 problemsin "1.2.3.3 (d+e x*n)*qg (a+b x*n+c x*(2 n)) p.m"

Test results for the 156 problemsin "1.2.3.4 (f x)"m (d+e x*n)*q (a+b x*n+c x*(2 n))*p.m"
Test results for the 17 problemsin "1.2.3.5 P(x) (d x)*m (a+b x*n+c x"(2 n))*p.m"
Test results for the 140 problemsin "1.2.4.2 (d x)"m (a x*g+b x*n+c x*(2 n-q))*p.m"

Test results for the 494 problems in "1.3.1 Rational functions.m"

Problem 174: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(bxl*p (bx+cx3)p+2cx3*p (bx+cx3)p) dx
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Optimal (type 3, 27 leaves, ? steps):
x1P (b x+cx?) Lep

2(1+p)

Result (type 5, 116 leaves, 7 steps):

b x2+P (1+ %)7') (bx +cx?)P Hypergeometric2F1[-p, 1+p, 2 +p, —%] c x4P (1+ %)7’3 (bx + ¢ x?)P Hypergeometric2F1[-p, 2+p, 3+p, -

2
%]

+

2(1+p>

Problem 221: Result valid but suboptimal antiderivative.

J(1+2x) (x+x2)3 (—18+7 <x+x2)3)2dlx

Optimal (type 1, 33 leaves, ? steps):

81 x* (1+x)4-36x7 (1+x)7+£x10 (1+x)1°
10

Result (type 1, 96 leaves, 3 steps):

12551 x1©
81x*+324x>+486x% +288x7 -171x%-756 x> - —————— ~ 1211 x** -
10
1071 x*2 6174 x> 441 x8 49 x20
1336 x2®+993x* + ————— 1+ 1029 x16 + 588 x*7 + +49 X1 ¢ ———
2 5 2 10

Problem 222: Result valid but suboptimal antiderivative.

Jx3 (1+x)° (1+2x) (—18+7x3 (1+x)3)2d1x

Optimal (type 1, 33 leaves, ? steps):

81 x* (1+x)4-36x7 (1+x)7+£x10 (1+x)1°
10

Result (type 1, 96 leaves, 2 steps):

12551 x1
81x*+324x>+486x% +288x7 -171x%-756 x> - —————— ~ 1211 x** -
10
1071 x*2 6174 x> 441 x8 49 x2@
1336 x2®+993x* + ————— 1+ 1029 x16 + 588 x*7 + +49 X1 ¢ ———

2 5 2 10

2+p



Problem 329: Result valid but suboptimal antiderivative.

~20 X + 4 x>
Jidlx
9-10x2 +x*

Optimal (type 3, 31leaves, ? steps):
Log[1l-x] - 1 Log[3 - x] + i Log[1+x] -2Log[3 +X]
2 2

Result (type 3, 41 leaves, 11 steps):

—iAr‘cTanh[i] + M+£Log[1—x2] - ELog[9—x2}
2 3 2 4 4

Problem 393: Unable to integrate problem.
J <1+X2>2 dx

axb+b <1+X2)3

Optimal (type 3, 168 leaves, ? steps):

:{ 1/3,p1/3 A C(21)1/3 31/3.p1/3 :{ &7 iz/z 1/3_ p1/3
ArcTan [ Y20 X ApcTan [ e b x| ArcTan [ e x

pl/6 pl/6 pl/6

+ +

3Wb5/6 3\/_ (_1)1/3 3l/3 L pl/3 p5/6 3\/ (_1)2/3 al/3 , pl/3 p5/6

Result (type 8, 68 leaves, 5steps):

1 2

X

CannotIntegr‘ate[ ) x] +2 CannotIntegr‘ate[

ax6+b(1+xz)3 ax6+b(1+xz>3

Problem 493: Unable to integrate problem.

+ +

J[3 (-47+228x+1zex2+19x3) 42 -320x-75x%2-8x%x3 30 x
<3+X+X4)4 (3+X+X"’>3 <3+X+X4>2

Optimal (type 1, 27 leaves, ? steps):

2-3x+5x2+x*-5x°

(3+X+X4>3

Result (type 8, 121 leaves, 7 steps):

dx

B x] +CannotIntegr‘ate[

1 Algebraic functions.nb | 117
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19 1 621 1

- + - — CannotIntegr‘ate[i, x] +
4<3+X+X4>3 <3+X+X4>2 4 <3+X+X4)4
2
684 CannotIntegr‘ate[;, x| + 360 CannotIntegr‘ate[Xi, x| +44 CannotIntegrate| ———————, x| -
<3+X+X4>4 <3+X+X4)4 <3+X+X4>3
X X2 X
320 CannotIntegr‘ate[i, x] -75 CannotIntegr‘ate[i, x] + 30 CannotIntegr‘ate[i, x}
<3+x+x4)3 (3+x+x“>3 (3+x+x“)2
Problem 494: Unable to integrate problem.
J[3+10X+4X330x5 3(1+4%%) (2-3x+5x%+x*-5x°) 5
- X
(3+X+X4)3 <3+X+X4>4
Optimal (type 1, 27 leaves, ? steps):
2-3x+5x>+x*-5x°
(E’:+X+x4)3
Result (type 8, 177 leaves, 13 steps):
7 63 X 12 x2 5 x3 3 x4 10 x°

_ _ _ + _ _
2(3+X+X4>3 22(3+X+X4>3 (3+—X+X4)3 <3+X+X4>3 2(3+X+X4)3 <3+X+X4>3

1 5 x2 4 1 8
+ + CannotIntegrate| ———————, x| + CannotIntegrate| ————————, x| +
2<3+X+X4>2 (3+X+X4>2 11 <3+X+X4>4 11 <3+X+X4>4
X2 1 X
18 CannotIntegrate| ———————, x| - 4 CannotIntegrate| ——————, x| - 20 CannotIntegrate| ——————, x|
(3+X+X4>4 <3+X+X4>3 (3+X+X4)3

Test results for the 1025 problems in "1.3.2 Algebraic functions.m"

Problem 20: Unable to integrate problem.

J ! dx
(c+dx> <2c3+d3x3>2/3

Optimal (type 3, 187 leaves, 1step):



2dx 14 2(2c4dx)

1
APCTB”[;(%&] \/3 ArcTan| —lzeeel
+
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Nes ] Log[c+dx] Log[dx- (2¢>+d3x*)?] 3lLog[d (2c+dx)-d (2 +d>x*)"?]
- - +

2+/3 c2d 2c*d 2c2d 4cd 4c2d

Result (type 8, 27 leaves, 0steps):
1

(c+dx) (2c3+d3x3)2/3)

CannotIntegrate|

x]

Problem 21: Unable to integrate problem.

J ! dx
(1+2¥3x) (1+x%)%?

Optimal (type 3, 147 leaves, 1step):
1+ 2x 1+ —\—2 rzz/VZAx“‘

Ar‘cTan[—%i} ) /3 ArcTan| g‘m ] ) Log[1+217x] Log[x— (1+x*)"%] 3log[2+23x 213 (1+x%)*]

- +

22/3 /—3 22/3 22/3 2 22/3 2 . 22/3

Result (type 8, 23 leaves, 0steps):
1

CannotIntegrate| 3 x|

(14213 x) (1+x3)

Problem 22: Unable to integrate problem.

dx

J(1 - 21/3 x)1(1-x3)2/3

Optimal (type 3, 159 leaves, 1step):

1.2 22/3_2x 1 2x

) ﬁArcTan[%} Ar‘cTan[_%’i

] Log[1-2'3x] Log[—x—(l—x3)1/3] 3Log[—2+21/3x+21/3(1—x3)1/3}
+ +

22/3 22/3 /3 22/3 2 . 22/3 2 . 22/3

Result (type 8, 26 leaves, 0steps):
1

(1-213x) (1-x3)3

CannotIntegrate|

x]
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Problem 23: Result valid but suboptimal antiderivative.

J(CerX)A (a+bx3>1/3d1x

Optimal (type 5, 387 leaves, 11 steps):

3ac2d? (a+bx3)Y? ad*x® (a+bx3)¥® 1
( ) + ( ) +—(a+bx3)”3 (15c*x+40ccdx? +45c?d* x> + 24 c d® x* + 5d* x°) -
2b 18b 30

2043 x 2613 x
1+ 1+

4a c3dAr‘cTan[—’&:)i] a2 g4 Ar‘cTan[—‘%i]

2/3
ac*x (1+ ba—xz) Hyper‘geometricZFl[i, %, i, —ba%s]

+ + +

34/3 p?/3 9/3 b°/3 2 (a+bx3)??

acdx* (1+ %)2/3 HypergeometricZFl[i, ;i, i, _ba—XB] 2actdlog[b3x- (a+bx3)*3] a?dLog[b¥3x- (a+bx})?]
- +

5 (a+bx3)2/3 3 b2/3 18 b5/3

Result (type 5, 498 leaves, 23 steps):

2b%/3x

1+
3 (asby3)¥?
3ac2d? (a+bx3)*? ad*x? (a+bx?)¥? 1 13 4ac’dArcTan| e ]
+ +— (a+bx?) (15c*x+40c?dx®+45c2d* x> + 24 cd® x* + 5d* x°) - +
2b 18 b 30 3«/3 b2/3
1+ Zbl/i)(
2:bx0) 2/3 . 2/3 .
a?d*ArcTan| jT | actx (1 + bai) Hypergeometric2Fi | i, f, ;i, - ba—xz] acd?x? (1 + ba—xa) Hyper‘geometr‘1c2F1[§, i, %, - bai]
+ +
9+/3 b%/3 2 (a+bx3)?? 5 (a+bx3)??
/ /3 b2/3 x2 bl/3 x p2/3 x2 bl/3 x
4acidlogl1- —2rx_ a2d*Log1 - —2Px 2acddlog|l+ + a’d* Log|1+ +
g[ (a+bx3)1/3 } g[ (a+bx3)1/3 } g[ (a+bx3)2/3 (a+b x3)1/3 ] g[ (a+b x3)2/3 (a+bx3)1/3 ]
+ + -
9 b2/3 27 b5/3 9 b2/3 54 b5/3

Problem 24: Result valid but suboptimal antiderivative.

J(c+dx)3 (a+bx3)1/3d1x

Optimal (type 5, 242 leaves, 9steps):
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3acd? <a+bx3)1/3 ad3’x<a+bx3)1/3 1

+ +— (a+bx®)'? (10cPx+20c2dx? +15cd? xX* + 4.d x*) -
4b 10b 20
1+ 2b1/3 x
aCZdAr‘CTan[J%;Ji} a(5bc-ad®)x (1+ %)2/3 Hyper‘geometr‘icZFlE, %, i, J’TXB] ac?dlog[b¥x- (a+bx®)*?]
N _
/3 b2/3 10b (a+bx3)?? 2b%3

Result (type 5, 297 leaves, 15 steps):

263 x

1+

aibx3) Y3
3acd? (a+bx3)Y? addx (a+bx3)¥? 1 ac?dArcTan| ]
< ) + < ) Jrf(aerx:">1/3 (16c®x+20c?dx®+15cd®*x* +4d> x*) - V3 +
4b 10b 20 \/3 b2/3
by | 2/3 102 4 by ac2dlogl1 bl/#] ac2dlog[1 b2 x2 b2 x ]
a (5bc3fad3> X (1+ TX) Hyper‘geometricZFl[;, S 5o —T"] g+~ (arbx3) ¥ gL+ (arb )2 * (asbx3)
- +
10b (a+bx3)?? 3b?/3 6 b2/3
Problem 25: Result valid but suboptimal antiderivative.
J(c+dx)2 (a+bx3)1/3d1x
Optimal (type 5, 192 leaves, 8 steps):
1+ 2613 x
a:bx3)1/3
ad? (a+bx3)¥3 1 2acdArcTan| —=20 |
( ) +—(a+bx3)1/3(6c2x+8cdx2+3d2x3)— VE +
4b 12 3+/3 b2/3
ac?x (1+M)2/3 Hyper‘geometr‘icZFl[l 2.4 —M} 1/3 3)1/3
s 3737 30 7 . 7achog[b x- (a+bx3)"?|
2(a+bx3)2/3 3b2/3
Result (type 5, 245leaves, 14 steps):
1+ 2613 x
(asbx3) Y3
ad? (a+bx3)'3® 1 2acdArcTan| —l= |
( ) +f(a+bx3)1/3<6c2x+8cdx2+3d2x3)— V3 +
4b 12 34/3 b2/3
b3 | 2/3 . b3 2 dlog[1- —blx dLog|1 b2 , b2 x
ac?x (1+ TX) Hyper‘geometr‘1c2F1[§, f, i, —TX} acdLog| (a+bx3>1/3] acdLlog[l+ (a:b )2 (a+bX3)1//3}

- +

2 (a+bx3)?? 9 b?/3 9 b?/3

| 121
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Problem 26: Result valid but suboptimal antiderivative.

J(c+dx) (a+bx3)1/3dlx

Optimal (type 5, 155leaves, 6 steps):

2613 x

14 :
adArcTan| 4—%;”” ]

A ex (1+ bTXB)ZB Hypergeometric2Fl[ >, 3, 2, —ba—xs} ad Log[6'3 x - (a+bx3)"?]

(3cx+2dx?) (a+bx3>1/3—

|

.
3+/3 b2/3 2 (a+bx3>2/3 6 b2/3

Result (type 5, 207 leaves, 12 steps):

1+ Zbl/@x’
1 adArcTan | —l=20 |
= (3cx+2dx?) (a+bx3>1/3— VER
6 3 \Ebzn
2/3 . _ bl/# b2/3 x2 bl/3 x
acx (1 + bai) Hyper‘geometr‘1c2F1[§, %, g, - bai] adlog[1 (a+bxg>1/3} adlog[1+ (2-0°) (a+bxg)1/3]
2 (a+bx3)?? 9 p2/3 18 b2/3
Problem 27: Unable to integrate problem.

(a+bx3)?

Ji dx
c+dx
Optimal (type 6, 435leaves, 13 steps):
1+ 2013 x
3 3,3 arbx3) Y3
(asbx)? x(arbx) P appellfa[D, -0, 1, 3, -0, 4] b3 c AncTan| =25 ]
d (1. 02) 73
a
1+ 2 (t)c37ad3]1’/3 x 1- 2d (aAbx3]J”3
1/3 c (asbx3)V/3 1/3 (bc3-ad?)?
(bc®-ad?) Ar‘cTan[—i/?)—} (bc?-ad?) Ar‘cTan[—%L] (bc®-ad)'? Log[c® + & x]
+ + +
VERE YERE 32

b'/? c Log[b}3x - (a+bx3)'?] (bc3—ad3)1/3Log[1Lach)ﬂ—(a+bx3>1/3] (bc3—ad3)1/3Log[(bc3—ad3)1/3+d(a+bx3)1/3]

2d? 2 d? 2d?

Result (type 8, 21 leaves, 0steps):
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(a+bx3) 1/3

CannotIntegrate |
c+dx

» X]

Problem 28: Unable to integrate problem.

(a+bx?)??
Jidlx
(C+dX>2
Optimal (type 6, 818 leaves, 20 steps):
@ (a+b33) V3 dx? (asbx?)P X (a+bx3)1/3AppellF1[§, -1, 2, i, _bX X gy (a+bx3)1/3Appe11F1[;i, -

1
d(c3+d*x3) c+ddxd cz( 3)1/3

b x3 /3
2¢c® (1 + —)

a
14 2b1/3x/ 1+2(bc37ad3]1:3x 1+2(bc3—ad3)1/’3x 1726(a+bx3>1f3
bl/3 ArcTan[ —22"=]  2adArcTan| —<la—] (3bc®-2ad?) ArcTan]| ——cletl ] p 2 ApcTan [ ettt

N /3 . /3 . 3
V3 d? 34/3 ¢ (b -ad?)?? 3+/3 cd? (b -ad?)?? V3 d? (bc-ad?)??
b2 Log[c?+d® x3] ) adlog|c®+d?x?] i (3bc®-2ad?) Log[c?+d*x*| i b'/3 Log[b'2 x - (a+bx?)"?] X
6d> (bc>-ad®)?® 9c(bc3-ad’)?? 18cd? (bc-ad?)?? 2d?
adLogHLacdg)ﬁ—(anbxﬂl/ﬂ (3bc*-2ad?) Log[lLacdg)&—(a+bx3)l/3] bc?log|(becd-ad®)¥2d (a+bx?)?]
3c (bc-ad’)?? ’ 6cd? (bc®-ad?)?? ' 2d? (bc®-ad?)??

Result (type 8, 21 leaves, 0steps):

a+bx3)1/3

CannotIntegrate| ( » X]

<c+dx)2

Problem 33: Unable to integrate problem.

j 1 dx
(c+dx> <a+bx3)1/3

Optimal (type 6, 333 leaves, 10 steps):
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2 1bc3fad3]1"3x
A

dx? (1+22) " appe1lr1[2, 1,1, 5, 0¥, 2] ArcTan[l—”}?L]
. 2¢2 (a+bx?)?? ' V3 (bc-ad?)?? .
124 (a:02)" /
APCTa”[_Mr;;dﬂi] Log[c? +d® x*] LOgHLaCdB)J/_g)(* (a+bx3)?] Log[ (bc®-ad®)?+d (a+bx?)?]
' . . 2 (bc3-ad’)??

ﬁ(bc3—ad3>1/3 ?:(bc3—ad3)1/3 2(bc3—ad3)1/3

Result (type 8, 21 leaves, 0steps):
1
x]

(c+dx) (a+bx3)1/3,

Unintegrable|

Problem 34: Unable to integrate problem.

J 1 dx
(c+dx)2 (a+bx3)1/3

Optimal (type 6, 761 leaves, 17 steps):
3\1/3 3 3,3
Cd? (arbx3)? cdx (a+bx})?? d x? (1+ bTX) AppellF1[%, 7, 2, 2, —bTX, —dc—j]
- +

(bc2-ad®) (+d®x?)  (bc-ad®) (c+d®x3)

c3 <a+bx3)1/3

2 (bc3-ad?) Y3 x 2 (bc3-ad?) Y3 x
= 1+

5 c® (a+bx3)1/3 " 3\/?c(bc3—ad3)4/3 ’ 3\Ec<bc37ad3)4/3 N
2o
bCZAPCTan[#bC};;dZJi} bc?log[cd+d*x}] ad’log[c®+d®x®] (3bc*-2ad?) Log[c?+d®x?]
V3 (b -ad)t? : 6 (bcd-ad)*? ’ 9c (bc>-ad})*? " 18¢c (b -add)*? B

2 d Log[ (22 (ab?)™?] (3022 %) Log[ PR (a b7 pctiog[(ber-ad?] P d (a0 bx)*]
2 (bc-ad’)??

) 6c(bc3fad3)4/3

3¢ (bc37ad3)4/3

Result (type 8, 21 leaves, 0steps):
1

CannotIntegr‘ate[ 13 x]
/

(C+dx)2 (a+bx3>
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Problem 35: Unable to integrate problem.

J ! dx
(c+dx>3 <a+bx3)1/3

Optimal (type 6, 1513 leaves, 32 steps):

3c¢td? (a+bx?)?? 3 d3x (a+bx?)?? 4bctd? (a+bx3)?? cd® (bc3-3ad?) (a+bx?)??
2(bc®-ad¥) (+d>x3)? 2 (b -ad®) (+d¥x?)? ’ 3(bcd-ad)? (c+dx?) 3 (be-ad®)? (c2+d*x3) '
d> (3bc3-7ad¥) x (a+bx?)?? d®(9bc*®-5ad®) x (a+bx3)?? 74> (3bc*+ad®) x (a+bx?)??
18 (bc®-ad®)? (2 +d*x3) _ 18 (bc®-ad®)? (¢ +d® %) 18 (bc®-ad®)? (c?+d®x?) i
1,2 [bcad)x
3dx (14 :i)l/SAppellH[f, 13,5, b2, &2 ) 6d*x° 1+ bTXB)l/SAppellFl[i, i,3,8, b2 &2 + 22 d° ArcTan [ <] +
2¢* (a+bx?)t? 5¢’ (a+bx3)? 9vV3 ¢ (bc®-ad?)’”?
1,2 (b0 x 1,2 ) L 20 a1
7ad® (3bc-ad?) Ar‘cTan{‘—’a\/*;ZJL] ) (9b2c®-12abc?d®+5a%df) Ar‘cTan{—“j/?‘zJL] _4b2c4Ar‘cTan{%"3‘“}
9vV3 2 (bcd-ad?)’”? 9vV3 ¢ (b -ad?)’”? 34/3 (bc-ad)’”?
L 2000
bc (bc®-3ad’) APCTan[_ﬁbjﬁTﬁda)i] 2b2ctlog[cd+d3x3|  a?dflog[c*+d>x?}] bc (bc*-3ad?) Log[c® +d® x3|
34/3 (bcd-ad?)’”? ' 9(bc*-ad?)’? +27c2 (bc3—ad3)7/3_ 18 (bc?-ad?)’”? '

C
+ — —

54 c2 (bc3—ad3)7/3 54 c2 (bc3—ad3>7/3 9 2 (bc3fad3>7/3

7ad® (3bc®-ad®) Log[c®+d®x*| (9b?c®-12abc3d?®+5a2d°) Log|c® +d* X aszLOg{M&_(aJ'walB]

7ad® (3bc-ad?) Log[w— (a+bx?)¥?]  (9b2c®-12abc3d®+5a2d°) Log[w— (a+bx?)'?]

C C

18 c? (bc3—ad3)7/3 18 c? (bc3—ad3)7/3

2b2c*Log[(bc3-ad®)*?+d (a+bx®)?] bc(bc®-3ad®) Log[(bcd-ad®)'?+d (a+bx?)??]
+

3(bc3fad3)7/3 6(bc3‘—ad3)7/3

Result (type 8, 21 leaves, 0steps):
1

(c+dx)3 (a+bx?)

CannotIntegrate| o x|
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Problem 36: Result valid but suboptimal antiderivative.
J (c erx)4 ax
(a+ bx3)2/3
Optimal (type 5, 306 leaves, 10 steps):

2bY/3 2b/3
1+ . 1+ X

(asbx3)1/3 }

6 c2 d2 (a+bx3)1/3 d* x2 (a+bx3)1/3 4 cdArcTan|

2 ad*ArcTan | —l=exi” 4 ( E)Z/B’ ; 12
3 [ e } c*x 1+ . Hyper‘geometr‘1c2F1[3, 37 5

+ - + +

b 3b V3 b23 34/3 b%3 (a+bx?)??

cd>x* (1+ bTX)Z/B Hypergeometric2F1[ 2, %, %, -2 203 Log b3 x - (a+bx?)Y?] ) ad*Log[b¥3x - (a+bx3)'?]

a

(a+bx3)2/3 b2/3 3b5/3

Result (type 5, 416 leaves, 22 steps):

1+ 2613 x 1+ 2b1/3 x
3 atbx3|Y/3 4 asbx3) Y3
6 c2 d2 (a+bx3)1/3 d* x2 (a+bx3)1/3 4 c3dArcTan| —225= ] 2.ad*ArcTan | —22 |
+ _ V3 + V3 .
b 3b \/? b2/3 3\/? b5/3
4 bx3 2/3 . 1 2 4 bx® 3 4 bx® 2/3 . 2 4 7 bx3
c* X (1+ . ) Hyper‘geometr‘1c2F1[3, 3030 . ] ) cd3x (1+ ; ) Hyper‘geometr‘lc2F1[3, 2z, - } )
(a+bx3>2/3 (a+bx3>2/3
4c3dLog[1fbl/#} 2ad? Log[lfbl/i] 2c3dLog[1+ 022 b ] ad4Log[1+ b/t bix ]
(a-b) (a0 (a0x)??  (arb)*” (abx)?? " (arbx)??
3 p2/3 " 9 b5/3 i 3 p2/3 N 9 b5/3

Problem 37: Result valid but suboptimal antiderivative.

J<(c+dx)3 x

a+bx3)2/3

Optimal (type 5, 187 leaves, 8 steps):
14 Zb’,@x/
3cd (arbx?)? dx (arbx?)t V3 c?dArcTan| —=2e ]

b 2b b2/3

+

(2bc*-ad?) x (1+ %)2/3 HypergeometricZFl[i, i, ‘Sl, —ba—"s} 3c2dLlog[b¥3 x - (a+bx3)?]

2b(a+bx3)2/3 2 p2/3
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Result (type 5, 239 leaves, 14 steps):

1+ 2b1/3 x

2 aibx3) 13
3cd? <a+bx3)1/3 ) & x (a+bx3>1/3 ) V3 ¢ dAr‘cTan[—‘—J—ﬁ ] )
b 2b b2/3
312/3 . 3 5 _ bl//3x Py bz/sxz b1//3x
(2bc-ad?) x (1+ bTX) Hyper‘geometr‘1c2F1[§, f, ‘31, —bTX] c?dlog[1 (awxg)l/g} c?dLog[1+ (a0 °) 2 + <a+bx3)1/3]
- +
2b<a+bx3)2/3 b2/3 2 b2/3

Problem 38: Result valid but suboptimal antiderivative.

J<(c+dx)2 x

a+bx3)2/3

Optimal (type 5, 141 leaves, 7 steps):

2b1/3 x

1+

d? (a+bx?)*? ZCdArCTan[‘%&} c®x (1+ %)2/3 Hyper‘geometr‘icZFl[i, i, i, —bai} cdLlog[b¥3x- (a+bx3)*?]

— + —

b \/3 b2/3 (a+bx3>2/3 b2/3

Result (type 5, 195leaves, 13 steps):

1+ 2b%/3 x
13 2cdArcTan| —eX
dZ (a +b X3> ~ [ \E } N
b \/3 b2/3
3\2/3 . 3 B bY/3 x b2/3 2 bl/3 x
c2 x (1 + bTX) Hyper‘geometr‘1c2F1[§, i, g, - bTX] 2cdLog|1 (amxa)l/g] cdlog|1+ (a0°) + (amX;)l/a]
- +
(a+bx?)?? 3p2/3 3 p2/3

Problem 39: Result valid but suboptimal antiderivative.
c+dx
—dx
J(a+bx3)2/3

Optimal (type 5, 121 leaves, 5 steps):

2bY/3 x

1 ;
dAr‘cTan[—‘——+ “’;3‘1’3 ]

C X (1+ ba_x3)2/3 Hypergeometr‘icZFl[i, %, i, 7%} i d Log[bl”’x— (a+bx3)1/3]

+
\/?sz (a+bX3>2/3 2b2/3

Result (type 5, 172leaves, 11 steps):
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1. 2 1/3 2/3 32 1/3
abx3)V? 3\2/3 . 3 _ bY/> x b?/3 x b3 x
d APCTa”[AEP] cx (1 + bTX) Hypergeometric2fF1[ 2, 2, 7, - bTX} dlog|1 (amxg)l/s] dlog|1+ (a:b°) 2 (amxg)l/g]
- - +
\/?bzﬂ (a+bx3>2/3 3 p2/3 6 b2/3

Problem 40: Unable to integrate problem.

dx

1
J(c+dx) (a+bx3)??

Optimal (type 6, 332leaves, 10 steps):

2 (bc*ad®) Vi x

1+
b x3 2/3 1 2 4 b x3 a3 x3 d ArcTan ¢ (ashx3)Y/3
X (1+85) 7 AppellF1[2, 2,1, %, -0, €2 ]+ [—5

C (a+bx3)2/3

~2d (asbx3)?/?

1

A3 (bc3—ad3)2/3

dAr‘cTan[M] dLog|c + & ] dLog[M— (a+bx3)1/3] dLog[(bc3—ad3)1/3+d (a+bx3)1/3}

V3

\/?(bc3—ad3)2/3 3(bc3—ad3)2/3 2(bc3fad3)2/3

Result (type 8, 21 leaves, 0steps):
1

(crdx) (a+bx?)¥?

CannotIntegrate|

x]

Problem 41: Unable to integrate problem.

dx

1
J(c+dx)2 (a+bx?)??

Optimal (type 6, 760 leaves, 18 steps):

.
2 (bc3—ad3)2/3
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c2d? (a+bx3)? d*x? (a+bx3)*? -

3 3
a c3

bx®\2/3 102 4 bx3 d3x3
X (1+ T) AppellFl[;, 37 2, N — ——]

+

(bc3—ad3) (c3+d %) (bc3—ad3) (c3+d %)

c2 (a+bx3)2/3

2 (bc-ad®) x
1+ "

1,20 ad®)¥3x
3.4 bx)2/3 4 2 7 b x? a3 x3 4 c (a:b3) 12 3543 c (a:bx) "2
d? x (1+ a) AppellFl[B,B,z,S,fT,,TB]+2ad ArcTan | o ]+2d(3bc ad?) ArcTan| o ]
2¢° (a+bx?)??

3\/?c(bc3—ad3)5/3 3\/?c(bc3—ad3)5/3

LM
2bctdArcTan [ —=25 ] 2 10g[c3 4 d3x3]  adlog[c?+dx?] d (3bcP-ad®) Log[c®+ d ¥

N
\E(bc37ad3)5/3 3(bc3fad3)5/3 9c(bc3fad3)5/3 9c(bc37ad3)5/3

ad®Log[ 2S2ELx (3 bx?)Y7] d (3bc-ad?) Log[ PR  (aib)

c bCZdLOg[(bC3—ad3)1/3+d<a+bx3)1/3}
" +
3c(bc?-ad)®? 3c(bcd-ad’)”? (bc-ad)®?

Result (type 8, 21 leaves, 0steps):
1

CannotIntegrate [
(c+dx)2 (a+bx3>

2/3° X]

Problem 42: Unable to integrate problem.

dx

1
J(c+dx>3 (a+bx3)2/3

Optimal (type 6, 1357 leaves, 30 steps):
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3 ¢4 d? (a+bx3)1/3 3 c2d4x2 (a+bx3)1/3 5b c?d? (a+bx3’)1/3 cd? (bc*-6ad®) (a+bx3)1/3
+ + - +
2(bc3—ad3) <c3’+d3’x3‘>2 2 (bc3—ad3) (c3+d3’x3)2 3 (bc3—ad-°’>2 (c3+d3x3) 6(bc3—ad-°’>2 (c3+d3x3)
d* <9bc374ad3) x2 (a+bx3>1/3 . d4 <3bc3+2ad3) x2 (a+bx3>1/3 . X (1+%)2/3AppellFl[§, i; 3, i, *bai: *d%w i
6c(bc3—ad3>2(c3+d3x3) 3c(bc3fad3)2(c3+d3x3) c3 (a+bx3)2/3
4c6 (a+bx3)2/3 7 ¢ (a+bx3)2/3

2(bc-ad®)' x 2(bcad®)x
popoad) X Lopcad) X

1 - 1
2ad* (6bc3fad3)Ar‘cTan[———“&%‘”m ] d(9b2c676abc3d3+2a2d6)Ar‘cTan[—‘—)—”‘r;*”B ]

+ —

3+/3 ¢? <bc3—ad3)8/3 3+/3 ¢2 (bc3—ad3)8/3

2d (asbx3)Y/? 2d (a+bx3)Y/3

1 1 -
10 b? c‘%Ar‘cTan[-‘%]—} bcd (b c376ad3) Ar‘cTan[M)’—] 5 b2 c4dLog[c3+d3 xﬂ

2 + V3 - +
33 (bcd-ad?)®? 34/3 (bcd-ad?)®? 9 (bc3-ad?)?®?
bcd (bc®-6ad®) Log[c®+d>x*] ad* (6bc®-ad®) Log[c®+d*x*| d(9b*c®-6abcd®+2a2d®) Log[c? +d®x?]
- - +
18 (bc?-ad?)®? 9c? (bc3-ad?)®? 18c2 (bc*-ad?)®?

ad* (6bc-ad®) Log[i&aj})ﬁ— (a+bx3)*?] d(9b2c®-6abc?d®+2a2d°) Log[iL’acds)ﬁ— (a+bx3)*?]
+ +

3¢ (bc3—ad3)8/3 6c? (bc3—ad3‘>8/3

5b2ctdlog|(bc®-ad®)?+d (a+bx*)'?] bcd(bc*-6ad?) Log[(bc®-ad®)¥?+d (a+bx?)?]

3(bc37ad3)8/3 6(bc3—ad3)8/3

Result (type 8, 21 leaves, 0steps):
1

(CerX)3 (a+bx3)

CannotIntegrate| o x|

Problem 197: Unable to integrate problem.

dx

J(d3+e3 x3)P

d+ex

Optimal (type 6, 135leaves, ? steps):



-p -p
(d3+e3 X3>p (1+ (_235?5;)) d} (1 (; (jd;c;())dJ AppellFl[p, “p, -p,1+p, - 2 (d+ex) 2 (d+ex) ]

(-3+jﬁ)d’ (3+]1\E)d

ep
Result (type 8, 23 leaves, 0steps):
(dS + e3 X3> P

CannotIntegrate|
d+ex

» x|

Problem 227: Result valid but suboptimal antiderivative.
JX"‘ (c (a+ bx2)2>3/2 dx
Optimal (type 3, 161 leaves, 3 steps):

a3cx1*'"«/c(a+bx2)2 3a2bcx3’*’"«/c(a+bx2)2 3ab2cx5*"'«/c(a+bx2)2 b3’cx7*"‘«/c(a+bx2)2
+ + +

(1+m) (a+bx?) (3+m) (a+bx?) (5+m) (a+bx?) (7+m) (a+bx?)

Result (type 3, 205 leaves, 4 steps):

adextma2cr2abex?+b2cx*  3albex3"valc+2abecx?+bZcxt

(1em) (a+bx?) ' (3em) (a+bx?)
3ab2cx>"aZc+2abex2+blext bdiexmalc+2abex+bZcxt
+
(5+m) (a+bx?) (7+m) (a+bx?)

Problem 228: Result valid but suboptimal antiderivative.
JXS (c (a+ bx2>2)3/2 dx
Optimal (type 2, 143 leaves, 4 steps):

a3cx6«/c(a+bx2)2 3a2bcx8x/c(a+bx2)2 3ab2cx19x/c<a+bx2)2 b3cx12«/c(a+bx2)2
+ + +

6<a+bx2) 8(a+bx2) 10 (a+bx2) 12 (a+bx2)

Result (type 2, 134 leaves, 4 steps):

a2c(a+bx2)3\/a2c+2abcx2+b2cx4 ac(a+bx2)4\/a2c+2abcx2+b2cx4 c(a+bx2)5\/a2c+2abcx2+b2cx4

+
8b3 5 b3 12 b3
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Problem 229: Result valid but suboptimal antiderivative.
Jx“ (c (a+ bx2>2>3/2 dx

Optimal (type 2, 143 leaves, 3 steps):

a3cx5«/c(a+bx2)2 3a2bcx7x/c(a+bx2)2 abzcx9x1c<a+bx2)2 b3cx11x/c(a+bx2)2
+ + +

5(a+bx2) 7(a+bx2) 3<a+bx2) 11(a+bx2)

Result (type 2, 187 leaves, 4 steps):

adcx®vVatc+2abecx2+b2cxt 3atbcx’Valc+2abex2+ibicx? ab?cx®+Valc+2abex?ib2cxt bdcxlvalc+2abcecx?ib?cxt
+

5 (a+bx?) ’ 7 (a+bx?) 3(arbx?) ' 11 (a+bx?)

Problem 230: Result valid but suboptimal antiderivative.
Jx3 (c (a+ bx2)2>3/2 dx

Optimal (type 2, 66 leaves, 4 steps):

ac<a+bx2)3 c(a+bx2>2 c(a+bx2)4 c(a+bx2)2
- +

8 b? 10 b?

Result (type 2, 78 leaves, 4 steps):

a (a+bx?) (azc:+2abcx2+b2cx4)3/2 (a2c+2abcx2+b2cx4>5/2
- +

8 b2 10b2c

Problem 231: Result valid but suboptimal antiderivative.
sz (c (a+bx2)2>3/2 dx

Optimal (type 2, 143 leaves, 3 steps):

a3cx3«/c(a+bx2)2 3a2bcx5w/c(a+bx2)2 3ab2cx7«/c(a+bx2)2 b3 ¢ x° <:(a+bx2)2
+ + +

3<a+bx2) 5(a+bx2) 7(a+bx2) 9(a+bx2)

Result (type 2, 187 leaves, 4 steps):
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adcx3Valc+2abex?+b2cxt 3albex’Valci2abex?ibicx? 3ab?cx’vValc+2abex?iblcx* bd3cx®Valci2abcex?ib?cxt
+ + +

3(a+bx2> 5(a+bx2) 7(a+bx2) 9<a+bx2)

Problem 233: Result valid but suboptimal antiderivative.
J(c (a+bx2)2)3/2 dx

Optimal (type 2, 135leaves, 3 steps):

a3cxxlc(a+bx2)2 azbcx3xlc(a+bx2)2 3ab2cx5«/c(a+bx2>2 b3‘cx7«/c(a+bx2)2
+ + +

a+bx? a+bx? 5<a+bx2) 7(a+bx2)

Result (type 2, 175leaves, 4 steps):

a3x(a2c+2abcx2+b2cx4)3/2 asz3(a2c+2abcx2+b2cx4)3/2 3ab2x5(a2c+2abcx2+b2cx4)3/2 b3x7(a2c+2abcx2+b2cx4)3/2
+ + +

(a+bx2>3 (a+bx2)3 5(a+bx2)3 7(a+bx2)3

Problem 234: Result valid but suboptimal antiderivative.

J\(c <a+bx2)2) N

Optimal (type 3, 139leaves, 4 steps):

3a2bcx2«/c(a+bx2)2 3ab2cx4«/c<a+bx2)2 b3cx6«/c<a+bx2)2 a3c«/c(a+bx2)2 Log[x]
+ + +

2<a+bx2) 4(a+bx2) 6(a+bx2> a+bx?

Result (type 3, 183 leaves, 5steps):

3a2bcx?va2lc+2abcx?+b2cx?  3ab2cx*valc+2abcx?+bicxt bdcxbvalc+2abcex?+b2cx?  alcvalc+2abcx?+b?cxt Log[x]
+ + +

2 (a+bx?) 4 (a+bx?) 6 (a+bx?) a+bx?

Problem 235: Result valid but suboptimal antiderivative.

J‘(c (a+b2x2)2) .

Optimal (type 2, 134 leaves, 3 steps):
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c«/c(a+bx2)2 3a2bcxwlc(a+bx2)2 abzcx3«/c(a+bx2>2 b3cx5x/c(a+bx2)2
+ + +

x(a+bx2) a+bx? a+bx? 5(a+bx2)

Result (type 2, 178 leaves, 4 steps):

adcva?c+2abex2+b2cx* 3albcxvValc+2abex?+b2cxt ab?cx3Valc+2abex?ib2cxt b3cxSvalcr2abex2iblcxt
- + +

x<a+bx2) a+bx? a+bx? ' 5(a+bx2)

Problem 236: Result valid but suboptimal antiderivative.

J\(c (a+b3x2)2) N

Optimal (type 3, 140 leaves, 4 steps):

3’cx/c(a+bx2)2 3ab2cx2«/c(a+bx2)2 b3’c:x4«/c(a+bx2)2 3a2bcw/c(a+bx2)2 Log [X]
+ + +

2 x2 (a+bx2) 2(a+bx2) 4(a+bx2) a+bx?

Result (type 3, 184 leaves, 5steps):

acvalc+2abcx?+b2cx* 3ab2cx?valc+2abcx?+b?cx? bdcxalc+2abex?+b2cxt  3albcvalc+2abex?+bZcx? Loglx]
- + + +

2 x2 <a+bx2) 2(a+bx2) 4(a+bx2)

a+bx?

Problem 237: Result valid but suboptimal antiderivative.
JXZ (c (a+ bx2)3>3/2 dx
Optimal (type 3, 253 leaves, 8 steps):

7 21a5cx«/c a+bx2 3 2134CX3\/C a+bx2)3 21
—atcx? c(a+bx2)3+

128 1024 b (a+bx2) 512 (a+bx2 " 320

21a%2c+/c (a+bx2)3 Ar‘cSinh[@]
—acx a+bx | c a+bx +—cx a+bx | c a+bx Va
mB/Z
- o)

1024 b3/2 (1

*(a+bx?) [c (a+bx2)3

Result (type 3, 254 leaves, 9steps):
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)13 21a5cx«/c(a+bx2>3 21a4cx3«/c(a+bx2)3 21
+ + +

La3cx3 C (a+bx )
128 1024 b (a+bx2) 512 (a+bx2) 320

21 a® c\/TxZVAr‘cTanh[@]
facx a+bx \/aerJrcx a+bx JT A arbx?
1024 b2 (a+ bx?)>'?
Problem 239: Result valid but suboptimal antiderivative.
J(c (a+bx2)3)3/2 dx

Optimal (type 3, 207 leaves, 7 steps):

4 2
21 , 63a*cxqjc(a+bx?)® 21

3 <a+bx2) c (a+bx2)3

——a*cx c(a+bx)3+ +——a cx(a+bx2) c(a+bx2)3
128 256 (a+ b x?) 160
63a’/2c+/c (a+bx2)3 Ar‘cSinh[@
facx (a+bx?) 2 J¢ (a+bx?) +—cx a+bx2)3 /c(a+bx2)3 +
256\/7( bx2)3/2

Result (type 3, 208 leaves, 8 steps):

21 . 63a*cxqjc(a+bx?)® 21
.

——a*cx_ [c(a+bx?)? +
128 256 (a+bx?) 160

63 a° c\/sz)?’Ar‘cTanh[J@}
facx a+bx \/T+cx a+bx \/T +/ a+b x2
256 /b (a+bx2)3/2
Problem 240: Result valid but suboptimal antiderivative.

J\(c (a+bx2)3) N

Optimal (type 3, 192 leaves, 9 steps):

(a+bx?) | c (a+bx2)3
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c+/c a+bx2 5
a+bx a’c a+bx2) c<a+bx2) +
a+bx?
b x?

a+bx2) ArcTanh [ T]
fac a+bx | ¢ a+bx +7c a+bx | c a+bx
(1+bx2)3/2
a

Result (type 3, 194 leaves, 9steps):

c./C a+bX2 3
a+bx +faca+bx2) c(a+bx2) +
a+bx?
a%2c+/c a+bx2 ArcTanh @}
—ac a+bx | c a+bx +—c a+bx a+bx
\' (a+bx2)3/2

Problem 241: Result valid but suboptimal antiderivative.

J(c <a+b2x2)3)/ »

Optimal (type 3, 208 leaves, 7 steps):

105 3 315a3bcx«/ a+bx2 21
——a’bcx [c(a+bx?)

+—abcx(a+bx2) c (a+bx2>3
64 128(a+bx2)

s Vb x
bx2)3 bx2)3 315a°2+/b cWAr‘cSmh[ ]
gbcx(a+bx2)2 c(a+bx2)3_c(a+ x*)”\/c (a+bx?) . e

8 x 128 (14 22 e
Result (type 3, 209 leaves, 8 steps):

105 3 315a3bcx«/ a+bx2 21 R
— a’bcx c(a+bx2) +—abcx +

<a+bx2) C (a+bx2>
64 128 (a+bx2)

3 Je (axbxe)? =
C(a+bx2)3 c<a+bx2)3 15a* /b ¢ a+bx ArcTan ]

gbcx<a+bx2)2 C (a+bx2)3 -

a+b x?

8 X 128 (a+bx?)>?



Problem 242: Result valid but suboptimal antiderivative.

J‘(c (a+b3x2)3) .

Optimal (type 3, 202 leaves, 9 steps):

3 ; 9a’bc c(a+bx2>3 9 .
—a’bc [c(a+bx?)” + + —abc (arbx?) |c(arbx?)
2 2 (a+bx?) 10
2
. 2  arbt)? e 2 roR) 9abcmmanhr]
bc (a+bx?) c(a+bx?)
14

2 (1+ bx?

3/2
>

Result (type 3, 204 leaves, 9 steps):

3 3 9a3bC«/c(a+bx2>3 R
—a’bc [c(a+bx?)” + +—abc(a+bx*) [c(a+bx?)

2 2(a+bx2) 10

9 (a+bx2) W 9a”2bc+fc (a+bx?)> ArcTanh[22X]
—bc<a+bxz>zm Lo
14

2 (a+bx2)3/2

Problem 243: Result valid but suboptimal antiderivative.

3/2

dx
Optimal (type 3, 77 leaves, 3 steps):

c Ql,
b Vva c | +bx2 [1+ Ar‘c51nh

b3/2

C

a+bx?

Result (type 3, 75leaves, 4 steps):

2
cx /a+bx2 ¢ | 7 Varbx ArcTanh [ —bx— — ]

b3/2
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Problem 246: Result valid but suboptimal antiderivative.

( c )3/2
a+b x?
X

Optimal (type 3, 71leaves, 5steps):
\/ - J - /1 Ar‘cTanh 1,02 ]
a+b x a+bx

Result (type 3, 73 leaves, 5steps):

dx

2
C < Va+bx? Ar‘cTanh[@]
a+b x? a+b x? a
a 3372

Problem 248: Result valid but suboptimal antiderivative.

( c )3/2
a+b x? dx
X3

Optimal (type 3, 104 leaves, 6 steps):

3bc < c 1+ bi ArcTanh|
a+b x? a+b x2 a+b x?

2 a2 2ax?

]

Result (type 3, 112leaves, 6 steps):

+b x?
o asz (a+bx2) 3b a+bx2 va+bx? Ar'cTanh[la\/_E]

2a2 X2 2a5/2

Problem 249: Result valid but suboptimal antiderivative.
Jx7 ca+bx?

Optimal (type 2, 138 leaves, 4 steps):

3/2
dx
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2a3(cx/a+bx2)3/2(a+bx2) 6a2(cx/a+bx2)3/2(a+bx2)2 2a(cx/a+bx2)3/2(a+bx2)3 2(cx/a+bx2)3/2(a+bx2)4
- + +

7b? 11 b - 5 b 19 b?

Result (type 2, 152 leaves, 4 steps):
2a3c+/cva+bx? (a+bx2)3/2 6a2c/cVarbx2 (a+bx2)5/2 2acy/cva+bx? (a+bx2)7/2 2cycVarbx? (a+bx2)9/2

- + - +

7 b* 11 b* 5 b* 19 b*

Problem 250: Result valid but suboptimal antiderivative.
JXS cJa+bx?

Optimal (type 2, 102 leaves, 4 steps):
2a2(cx/a+bx2)3/2(a+bx2) 4a(cx/a+bx2)3/2(a+bx2)2 2(cx/a+bx2)3/2(a+bx2)3

+

7 b3 11 b3 15 b3

3/2
dx

Result (type 2, 113 leaves, 4 steps):

2a2c+/cvVa+bx? (a+bx2)?’/2 4acrcva+bx? (a+bx2)5/2 2ccarbx? (a+bx2>7/2
- +

7 b3 11 b3 15 b3

Problem 251: Result valid but suboptimal antiderivative.
Jx3 c+a+bx? e

dx
Optimal (type 2, 66 leaves, 4 steps):
2a (C\/a+bx2 )3/2 (a+bx?) 2 (C\/a+bx2 )3/2 (a+bx2)2

+

7 b? 11 b?

Result (type 2, 74 leaves, 4 steps):
2acycva+bx? <a+bx2)3/2 2cycva+bx? (a+bx2)5/2

- +

7 b? 11 b?
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Problem 253: Result valid but suboptimal antiderivative.
J‘(C\/a+bx2 )3/2

X

dx

Optimal (type 3, 117 leaves, 7 steps):
32 |[cVa+bx? 2 arcTan| (14 22)Y* cvVarbx® |2 ArcTanh| (14 22"
B N S Rl [

3 i (1+M)3/4 - (1+m)3/4

a a

Result (type 3, 141 leaves, 7 steps):

. / . /
2 a¥4c/cVarbx2 Ar‘cTan[%u] a¥4cJcVarbx2 Ar‘cTanh[M}
~c c\/a+bx2 \/a+bx2+ 2
3

al/A
(a+bx2>1/4 (a+bx2)1/4

Problem 254: Result valid but suboptimal antiderivative.
J(cx/a+bx2 )3/2

x3

dx

Optimal (type 3, 133 leaves, 7 steps):
(c v a+bx? )3/2 3b (cx/a+bx2 )3/2Ar'cTan[(1+ bT"z)lM] 3b (C\/a+bx2 )3/2Ar'cTanh[(1+ bT"z)lM]

+
2 x?2

4a(1+ﬁ)3/4 4a(1+M)3/4
a a

Result (type 3, 151 leaves, 7 steps):

. / . /
cJevain Vaine 3bcy/cvVa+bx? Ar‘cTan[M} 3bcy/cvVa+bx? Ar‘cTanh[M}
- +

al/4 al/4

2x2 4 al/4 (a+bx2)1/4 4 al/4 <a+bx2)1/4

Problem 255: Result valid but suboptimal antiderivative.
sz c+/a+bx? v

dx
Optimal (type 4, 152 leaves, 5 steps):




3/2
2ax(cx/a+bx2)/ 2

+=x3

c+/a+bx?

a
- +
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s da’x (cﬂ/a+bxz )3/2 4332 (cx/a+bx2 )3/2 EllipticE[iAr‘cTan[@], 2]

15b

15b (a+bx2> 15 p3/2 (1+ M)”“

a

Result (type 4, 191 leaves, 6 steps):

4a2cxv Va+rbx? 2acxx/cx/a+bx2 a+bx?
.

15bv/a+bx?
4a52cJcVa+bx? (140X 1/4Ellip‘cicE[lAr'cTan[@} 2]
)(E;\/C\/""T\/a+bx2 + ( a ) 2 Nl

15b3/2/a + b x?

Problem 256: Result valid but suboptimal antiderivative.
J(c \Ja+bx? v

dx
Optimal (type 4, 119leaves, 4 steps):

32 .
EX(C . s GaX(cﬁ/a+be)s/2 6\/?(C\/a+bx2) / E111pt1cE[%Ar‘cTan[%],2}
5

a
+ —

5 (a+bx?) 5\/—( bx2)3/4

Result (type 4, 146 leaves, 5steps):

6a32c~/cva+bx? (1+%)1/4EllipticE[%Ar‘cTan[%],2]

a

6acx/cva+bx?
: c\/a+bx2 \/a+bx2

5+va+bx? 5vb Va+bx?

Problem 257: Result valid but suboptimal antiderivative.

J(cx/aerxZ )3/2

dx

x2

Optimal (type 4, 115leaves, 4 steps):
(cﬂ/a+bxz )3/2 3b x (c«/a+bx2 )3/2 34/b (C\/a+bx2 )3/2EllipticE[%Ar‘cTan[%], 2]

a
+ —

X a+bx? [a (1+M)3/4

a

Result (type 4, 142leaves, 5steps):
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pbx2\1/4 . . 1 Vb x
3bcxx/cx/m _C\/C\/a+bX2 \a+bx? 3v/a Vb cyfcVarbx® ( X) ElllpthE[zAr‘CTa”[rX]’z}

a

Va+bx? X Va+bx?

Problem 258: Result valid but suboptimal antiderivative.
J\(C\/aerx2 )3/2

dx

x4

Optimal (type 4, 154 leaves, 5steps):
(c \a+bx? )3/2 b (c \Va+bx? )3/2 b2 x (c \a+bx? )3/2 b*2 (C Va+bx? )3/2 EllipticE[iAr‘cTan[%], 2]

a

3x3 2ax 2a(a+bx2) 2 33/2 (1+M)3/4
a

Result (type 4, 193 leaves, 6 steps):
—_— bx? | 1/4 L. 1 /b x
bZCX\/C\/aerXZ C\/C\/a+bX2 Va+rbx? becrcvarbx2 Va+bx? b¥ZccVa+bx? (1+ a) E111pt1cE[2ArcTan[ﬁ},2]

2a+a+bx? 3x? 2ax 2+va Va+bx2

Problem 318: Result valid but suboptimal antiderivative.

J\ c+dx2

Optimal (type 3, 216 leaves, 7 steps):

(b>+4abc-8ac?) (c+dx2)\/@ (b+aac) (CJ’dXZ)Z\/W

- +

16 a% d? 8ad3

bractadx?

(“dxz)B(w)m b (b2+4abc+8a’c?) ArcTanh]| Fd ]

c+d x? a

.
6ad? 16 a>/2 d3

Result (type 3, 259 leaves, 9 steps):



(b2+4abc+8a?c?) (c+dx?) a+c+;’xZ (3b+8ac) (c+dx?) a+c+zx2 (b+a(c+dx?))
16 a2 d3 : 24 a% d? '

X2 (c+dx?) [a+ bz (b+a (c+dx?)) b(b +4abc+8a2c2 Ve+dx? ArcTanh | e
c+d x b+a (c+dx )

+

2
6ad 16a%2d*/b+a (c+dx?)

Problem 319: Result valid but suboptimal antiderivative.

J c+dx2

Optimal (type 3, 141 leaves, 6 steps):

b+ac+adx?
b+ac+radx? 2 b+ac+adx? c+d x?
(b-4ac) (crdx?) [PECERC (crdx?)® [ e b (b+4ac)ArcTanh| W: ]

+ —

8 ad? 4 d? 8a3/2d?

Result (type 3, 181 leaves, 8 steps):
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(b+4ac> (c+dx?) [a+ — (c+dx2) a+ —2— (b+a(c+dx2)) b(b+dac)Vc+dx? Ar‘cTanh o fed
c+d x c+d x b+a (c+d Xz)
+ _
8ad? 4ad 8a’/2d? /b+a (c+dx?)

Problem 321: Result valid but suboptimal antiderivative.

b
a +
c+d x?
—dx
X

Optimal (type 3, 96 leaves, 6 steps):

brac+adx?

b +adx? Ve 2
e Vb +ac ArcTanh] ]
Va ArcTanh]| | - brac

Va Ve
Result (type 3, 184 leaves, 9steps):
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Va Ve+dx?

Ar‘cTanh REWrT ] vbrac Ve+dx2 [a+ Ar‘cTanh[ vbrac /crdx?
b+a

b
Jbra (crdx?) crdx® Ve Jbra (crdx?)

b+a(c+dx2) \/c_1/b+a(c+dx2)

Problem 322: Result valid but suboptimal antiderivative.

b
a -+
c+d x?
— dx
X3

Optimal (type 3, 104 leaves, 5 steps):

b+ac+adx?
2 b+ac+adx® j a2
(crdx?) | cod x2 bd ArcTanh | —

\/brac

2cx? 2c¢324/b+ac
Result (type 3, 140leaves, 6 steps):

(c +dx2> a+ —2 bd+vc+dx? Ar‘cTanh brac Jewdnd

c+dx? \/7\/b+a c+dx?)
2
2¢x 2¢¥2+/brac (/b+a (c+dx?)

Problem 323: Result valid but suboptimal antiderivative.

b
a -+
c+d x?
— dx
X5

Optimal (type 3, 174 leaves, 6 steps):

bracradx® 2 | bracsadx® Nrs b+a:+axgxl
<5b+4ac>d<c+dxz>m(c+dxz> mb(3b+4ac> dZAr‘CTanh[ b+a: }

8 c? (b+ac)x2 4c2 x4 8 ¢5/2 (b+ac)3’/2

Result (type 3, 218 leaves, 7 steps):
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(3b+4ac)d(c+dx®) [a+ 2= (c+dx?) [a+ L= (b+a(c+dx?)) b(3b+4ac d2vc+dx? ArcTanh [ fbac e
c+d x c+d x WW
8c* (brac)x® 4c(brac)xt 8c*2 (b+ac)®? /b+a (c+dx?)

Problem 324: Result valid but suboptimal antiderivative.

Optimal (type 3, 265 leaves, 7 steps):

(11b2+20abc+8a2c?) d? (c+dx?) |22¢20C  (3pi4ac)d(cedx?)? [Bacada

— + —

16 ¢ (b+ac>2x2 8C3(b+ac)x4
\/? b+ac+adx?
(c+dx2)3 (%)3/2 ) b (5b%+12abc+8a?c?) d> ArcTanh | \Wa“c‘”z ]
6C2 (b+ac) X6 16C7/2 (b+ac)5/2

Result (type 3, 271 leaves, 9steps):

(c+dx2> a+ —2 (5b+4ac)d(c+dx2) a+ —2

c+d x? c+dx?

6 c x6 24c2(b+ac)x4

(5b+2ac) (3b+4ac)d® (c+dx?) [a+ b b(5b2+12abc+8a2c2 34/c+dx? ArcTanh | fbrac fedx

2
c+dx \/ \/b+a (crdx?)

48c® (brac)’x? 167’2 (b+ac)”? /b+a (c+dx?)

Problem 325: Result valid but suboptimal antiderivative.

J c+dx2

Optimal (type 4, 368 leaves, 8 steps):
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2 2 2
(2b2+7abc-3a%c?) x bracradx- (b-3ac)x (c+dx?) braciadxt 3 (¢4 dx?) | bracadc
c+d x? c+d x? c+d x?

- + + +
15 a2 d? 15 a d? 5d
2 2 2 b+ac+adx? . . A/d x b 3/2 b+ac+adx? . . +/d x b
Ve (2b?+7abc-3a’c?) |22 EllipticE[ArcTan| = |, o] ¢ (b-3ac) | *=22RC EllipticF[ArcTan| = s =]
15 a2 d5/2 c (brac+adx? 15 a d5/2 c (bracradx?
(b+rac) (c+dx?) (b+ac) (c+dx?)

Result (type 4, 478 leaves, 8 steps):
(2b2+7abc 3ac?) xVb+ac+adx? |a dez (b-3ac)x(c+dx?)Vb+ac+adx?

c+d x2

15 a2 d2 b+a(c+dx2) 15 a d? b+a(c+dx2)

x> (c+dx?)Vbrac+radx® [a+ —2— +Jc (2b*+7abc-3a2c?) Vb+ac+radx?

c+d X

5d./b+a (c+dx?) 15 a2 g5/2 | clbraciadx?) \/m
(b+ac) c+dx

EllipticE[Ar‘cTan[%], ool
C

b+ac

c3/2 (b—3ac) Vvb+ac+adx?

5/2 c (brac+adx?) >
15ad beac) c+dx2 b+a c+dx

EllipticF[Ar‘cTan[%], ®—]
C

b+ac

Problem 326: Result valid but suboptimal antiderivative.

J\ C+dX2

Optimal (type 4, 282 leaves, 7 steps):
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2 2
(b—ac)x b+ac+adx X<C+dX2) b+ac+radx
c+dx? c+dx?

+
3ad 3d
_ b+ac+adx? . : A/d x b 3/2 b+ac+adx? . . Vd x b
Ve (b-ac) | e EllipticE [ArcTan]| = B b+ac] C f pracae EllipticF [ArcTan| - ] bHC}
3ad3/2 c (b+ac+adx? 3d3/2 c (b+rac+adx?

(b+ac) (c+dx?) (b+ac) (c+dx?)

Result (type 4, 370 leaves, 7 steps):
(b-ac)xvVb+ac+adx® [a e X (c+dx?) Vb+ac+adx?

c+d x?

3ad b+a(c+dx2 3d b+a(c+dx2

Ve (b-ac)Vb+ac+adx? EllipticE[Ar‘cTan[@], L] 32+bracradx?

Ve b+ac

c (bracradx?) c(bracradx®)
3ag3/2 [ clbracadd] - [ (c+dx?) 3g3/2 | clbracada®) - [y (c+dx?)
(b+ac) c+dx2

(b+ac) (c+dx?)

EllipticF [Ar‘cTan [ %} s L]
C

b+ac

Problem 327: Result valid but suboptimal antiderivative.

Optimal (type 4, 213 leaves, 6 steps):

e 7"*3 c+adx. E]lipticE [Ar‘cTan[D} s L] Ve [ bracad py1ipticF {Ar‘cTan[@] , 2 ]

b+rac+adx? N b+ac c+d x? Nra biac

X - +
2
c+dx \/— c (b+ac+adx? \/_ c (b+ac+adx?
(b+ac) (c+dx?) (b+ac) (c+dx?)

Result (type 4, 279 leaves, 6 steps):
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xVb+ac+adx? a+ —2 Ve Vbrac+adx?

c+dx?

b+a<c+dx2) Jd c(bracradx?) b-a C+dX2
(b+ac) c+dx2

EllipticE[Ar‘cTan[%], o]
C

b+ac

Ve Vbracradx?

b d x?
\/d el Jbra (c+dx?)
(b+ac) c+dx2

EllipticF[Ar‘cTan[%], b ]
c

b+ac

Problem 328: Result valid but suboptimal antiderivative.

b
a -+
c+dx?
— dx
X2

Optimal (type 4, 265 leaves, 8 steps):

2 2
d x b+ac+adx <C+dX2) bracradx
c+d x? c+d x?

C cX

\d M E111pt1cE[Ar‘cTan[D}, L] avc V/d M ElllpthF[ArcTan[D], b ]

\E b+ac \/? brac
+
c (b+acradx? c (b+racradx?
Ve (b+ac)
(b+ac) (c+dx?) (b+ac) (c+dx?)

Result (type 4, 353 leaves, 8 steps):
xVb+ac+adx? |a dez (c+dx?) Vb+ac+adx?

c+d x2

b+a(c+dx2) cX b+a(c+dx2)

Vd Vb+rac+adx?

EllipticE{Ar‘cTan[l%], b ] avec Vd Vbrac+adx?
c

b+ac

EllipticF[Ar‘cTan[%], sl
C

b+ac

b d x? b d
Ve [ SeRefftl fbra (c+dx?) (brac) | =o2e clbracradd] [y (c+dx?)
b+ac c+dx (b+ac) c+dx
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Problem 329: Result valid but suboptimal antiderivative.

b
a -+
c+dx?
— dx
X4

Optimal (type 4, 362 leaves, 8steps):

(2b+ac)d?x /mac:iaxfxz (c+dx?) /baccd—axfx2 (2b+ac)d (c+dx?) lb+ac:axfxz

+ +
3c2 (b+ac) 3cx? 3c¢? (b+ac)x
(2b+ac) d®? | bracead EllipticE{Ar‘cTan[m], *—]  ad¥? | bracradx® EllipticF[Ar‘cTan[@], ]
c+dx N b+ac c+d x? NS brac
3/2 c (brac+adx? c (brac+adx?
3¢ <b+ac> (b+ac) (C+dX2) 3\/? (b+a C) (b+ac) (C+dx2>

Result (type 4, 472 leaves, 8steps):
(2b+ac>d2 xVb+ac+adx? |a cdxz (c+dx?) Vb+ac+adx? ; (2b+ac)d(c+dx?)Vb+ac+adx?

c+d x? c+d xZ

3c2(b+ac) b+a<c+dx2) 3¢ x3 b+a(c+dx2) 3c2(b+ac> b+a(c+dx2>

(2b+ac> d*2+b+ac+adx?

3c¢32 (b+ac) clbracrade®) [ g (c+dx?) 3v/c (b+ac) < (bractadx®) \Jb+a (c+dx?)
(b+ac) c+dx2 (b+ac) c+dxz

b . EllipticE[Ar‘cTan[@], L] ad¥?+/b+ac+adx?
Ve b+ac

;’2 EllipticF[ArcTan[%], b ]

b+ac

Problem 330: Result valid but suboptimal antiderivative.
a+ ——
c+d x?
J MBS
X6

Optimal (type 4, 466 leaves, 9 steps):
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2 2
(8b?+13abc+3a%c?) dx bracradx” (c+dx?) bracradx®
c+d x? c+d x?

- +

15¢3 (b+ac)? 5cx®
4b+3ac)d(c+dx? bracradx’ 8b2+13abc+3a%c?)d® (c+dx? bracradx
crdx? c+d x?
15¢? (brac) ¥ _ 15c3 (b+ac)2x )

(8b2+13abc+3a%c?) d>2 | bractadx® p1]3nticE [Ar‘cTan[@} , 2—] a(4b+3ac)d¥? | bracadX E11ipticF [ArcTan|
c+d x? NS b+ac c+d x?

+

15 ¢5/2 (b+ac)2 < (bractad®®) 15 ¢3/2 (b+ac)2

(b+ac) (c+dx?)
Result (type 4, 598 leaves, 9 steps):
(8b?+13abc+3a’c?) d®*xVb+ac+adx? la+czxz (c+dx?) Vb+ac+adx?

c+d x?

15c3(b+ac)2 b+a(c+dx?) 5cx®+/b+a (c+dx?)

(4b+3ac)d(c+dx®)Vbrac+adx? [a+ 2~ (8b2+13abc+3a2c?)d? (c+dx?)Vbrac+adx?
c+d x

c (b+rac+adx?

(b+ac) (c+dx?)

c+d x?

15¢2 (b+ac) x> /b+a (c+dx?) 15 ¢3 (b+ac)2x b+a (c+dx?)

(8b2+13abc+3a2c2) d*’2+/b+ac+adx?

< (bracradx?)
15¢%2 (brac)? | S2eesx clbracradx] [y g (c+dx?)
(b+ac) c+dx

EllipticE[Ar‘cTan[%}, 2]
C

b+ac

a (4b+3ac) d*’2+vb+ac+adx?

c (bracradx?)
15 c3/2 (b+ac)2 et fpra (c+dx?)
(b+ac) c+dx2

— EllipticF[Ar‘cTan[%], —b ]

b+ac

Problem 331: Result valid but suboptimal antiderivative.

J¢

3/2
dx

b

c +dx?

a+




Optimal (type 3, 249 leaves, 8steps):

b2 |bracadd (5b2+60abc—24a2c2) (c+dx2) | bracradx
c+d x? c+d x?

d3 48 a d3

b+ac+adx?
(b+12ac) (C+dx2>2xlb+i:7ifxz (C+dX2>3(L+ac:axfxi)5/2 b (b2+12abc-24a%c?) ArcTanh| ;;XZ ]

+ —

24 d3 6ad3 16 a3/2 d3

Result (type 3, 311 leaves, 10 steps):

(b?+12abc-24a2c?) (c+dx?) [a+ b (b?+12abc-24a2c?) (c+dx?) [a+ b (b+a (c+dx?))

c+d x? c+d x?

C

2

a -+
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c+dx?

(b+a (C+dX2>)2

16 a d3 ) 243 b d3

c+d x?

(c+dx2) a+ —2 (b+a(c+dx2))2 b(b2+12abc—24a2c2)\/c+dx2 laJcmX2 Ar‘cTanh[@]
* b+a

6ad’ 16a*2d* /b+a (c+dx?)

Problem 332: Result valid but suboptimal antiderivative.

J*

Optimal (type 3, 172leaves, 7 steps):

3/2
dx

b

c+dx?

a+

b+ac+adx?
bc | 7“1:5;?’(2 (5b-4ac) (c+dx?) | 71’*3;;1?’(2 a(c+dx?)? | b+ac:axfxz 3b (b-4ac)ArcTanh| ;fz
a

]

+ + +

o2 8 d2 42 83 d?

Result (type 3, 222 leaves, 9 steps):

3(b-4ac) (c+dx?) [a+ 2 (b-4ac) (c+dx?) [a+ =2~ (b+a(c+dx?))

c+d x? c+d x?

8 d? 4bd?

c la+ 2 <b+a(c+dx2))2 3b(b-4ac)Vc+dx? ,a+c+::|)x2 ArcTanh[m]
+

crd x? A/ b+a (c+d x?)

bd? S\Edz b+a<c+dx2)

bd3
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Problem 334: Result valid but suboptimal antiderivative.

3/2
iirrr)
A edX ) dgx
X

Optimal (type 3, 126 leaves, 7 steps):

b+ac+adx?
b b+ac+radx? b+ac+adx? 3/2 Ve cedx?
e . (b+ac)®?ArcTanh| ]
N e \b+ac
C

+a3/? Ar‘cTanh[ } -

\E c3/2
Result (type 3, 206 leaves, 10 steps):

b [a+—2 a¥2~c+dx? |a+ >
c+d x?

c+d x?

Ar‘cTanh[m} (b+ac) 3/2\/c+dx2

b+a (c+dx?)

v/brac +/c+d x2

\/ ~/b+a (c+d x2

Problem 335: Result valid but suboptimal antiderivative.

3/2
2+ caw)
c+d X
+—d1X
X3

Optimal (type 3, 138 leaves, 6 steps):

\/? b+ac+adx?
3bd b+rac+tadx? 5 bracradx® 3/2 3b+/b+ac dArcTanh 2
i v\ cedx? (c+dx?) ( e ) . \ [ brac ]

2 c? 2 ¢ x2 2 ¢c5/2

Result (type 3, 170 leaves, 7 steps):

ArcTanh |

c+dx? c+d x? c+d x?

3bd\/a+ b \/a+ b (b+a (c+dx?)) 3bv/brac dc+dx®2 [a+

b+a(c+dx2) c3/2 b+a(c+dx2)

Ve /b+a (c+dx?)

2 - 2
2¢ 2¢cx 2c¢%2\[b+a (c+dx?)

Problem 336: Result valid but suboptimal antiderivative.

3/2
iir)
c+d X dx
x5
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Optimal (type 3, 205leaves, 7 steps):

cacs tacs cacs Nrs b—ac+ajx1
bdz«/% (9b+4ac)d(c+dx2)w$ (brac) (C+dx2>21/% 3b(5b+4ac)d?ArcTanh| i b+:x ]

+ — —
3

8 c3 x? 4.c3x 8c’”/2+/b+ac
Result (type 3, 260 leaves, 8 steps):

C

3b(5b+4ac)d® [a+ b (5b+4ac)d [a+ b (b+a (c+dx?))

c+d x? c+d x?

8c3(b+ac) 8c2(b+ac>x2

Jbrac AJcidx®
Ar‘cTanh e

e (bealerax))? b (sbosac)d dVerdx? | e o iy

c+d x?

c(brac)xt 8c”’2+/b+ac /b+a (c+dx?)

Problem 337: Result valid but suboptimal antiderivative.

)3/2

(as 2
A ed) g
X7

Optimal (type 3, 292 leaves, 8 steps):

bd? |P2e2dX (7942 1@8abc+24a2c?) d? (c+dx?) [ Rcade
c+d x? c+d x?

- - +

ct 48c* (b+ac)x?
(11b+12ac)d (crdx?)? |22t dx2)3 (braciadx |32 b(35b2+60abc+24a2c2)d3Ar‘cTanh[F e ]
codx 7(C+ x2)? [Praciad:] ) Vbac
24 c* x* 6c? (b+rac)x® 162 (b+ac)??

Result (type 3, 287 leaves, 10 steps):
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(165b? +110abc+8a2c?) d® [a+ 2~ (b+ac) [a+ 2 7bd |a+ 2
c+d x c+d x c+d x
- +

48c4(b+ac 6 c x8 24 c2 x4

v/brac /c+d xZ

b (35b+32ac) d? aer:’X2 b(35b2+60abc+24a2c2) d*Vc+dx? ArcTanh [ J_W
48 c® (b+ac) x? 162 (b+ac)*? /b+a (c+dx?)

Problem 338: Result valid but suboptimal antiderivative.

J*

Optimal (type 4, 405leaves, 9 steps):

2 2 2 2
(b2-14abcra?c?) x |22l (7h ac)x (crdx?) [PReRdd gay3 (o dx?) [bRcadd 3 (p e adye) | brcadd
c+d x? c+d x? c+d x? c+d x?

3/2
dx

b

a+

c+dx?

+ + -
5ad? 5 d? 5d d
2 2 2 b+ac+adx? . . A/d x b 3/2 b+ac+adx? . . A/d x b
Ve (b?2-14abc+a’c?) | e EllipticE [ArcTan| G B bHC} c*?(7b-ac) | RS EllipticF [ArcTan]| = ]» rac]
5 5 d5/2 c (brac+radx? 5 d5/2 c (b+ac+adx?
(b+ac) (c+dx?) (b+ac) (c+dx?)

Result (type 4, 526 leaves, 9 steps):
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c+dx?

(b2-14abc+a?c?) xVbrac+adx® [a+ —2— (7b-ac)x(c+dx?)/bracradx® [a+ >
c+dx
+

5 a d2 b+a(c+dx2> 5 d2 b+a(c+dx2>
6ax3 (c+dx? b+ac+adx b+ac+adx a+
3( )V— )3/2 b2
c+d x? c+d x
5d./b+a (c+dx?) d/b+a (c+dx?)

Ve (b2-14abc+a’c?) Vb+ac+adx?

5/2 [ b+ac+adx 2
5ad beac) c+dx2 b+a c+dx

b+ac

EllipticE [Ar‘cTan[%} » ]
C

c3/2 (7bfac) Vvb+ac+adx?

5/2 c (bractadx?) 2
5d brac) c+dx2 b+a C+dX

EllipticF[Ar‘cTan[%], e ]
C

b+ac

Problem 339: Result valid but suboptimal antiderivative.

J*

Optimal (type 4, 331 leaves, 8steps):

2 2 5
(7b—ac)x bracradx® 4ax(c+dx2> bracradx® X(b+ac+adx2) b+ac+adx
ced x? c+d x? c+d x?

+ — —

3/2
dx

b

a+

c+dx?

3d 3d d
b+ac+adx? P A/d x b b+ac+adx? PR A/d x b
Ve (7b-ac) | e EllipticE[ArcTan| c B b+ac} Ve (3b-ac) | e EllipticF[ArcTan| c B b+ac}
+
3 d3/2 c (brac+adx? 3 ¢3/2 c (brac+adx?
(b+ac) (c+dx?) (b+ac) (c+dx?)

Result (type 4, 430 leaves, 8 steps):
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c+dx? c+dx?

(7b—ac)X\/b+ac+adx2 a+ —2 4ax(c+dx2)\/b+ac+adx2
+

3d b+a(c+dx2> 3d b+a(c+dx2>

x(b+ac+adx2>3/2 a+—2 \E<7b—ac)\/b+ac+adx2

c+d x?

EllipticE [Ar‘cTan [ %} , =2 }
C

b+ac

2
d b+a(c+dx) 3 d3/2 c (bracradx?) ’b+a C+dX2
(b+ac) c+d><2

\/c_(_75b—ac>\/b+ac+adx2

C bac adx?
3d3/2 < (bracradx?) 1/b+a C+dX
(b+ac) c+dx

:2 EllipticF[Ar‘cTan[l%], 2]

b+ac

Problem 340: Result valid but suboptimal antiderivative.

[l
a+
c+dx?

Optimal (type 4, 260 leaves, 7 steps):

2 2
b x brac+adx (b—ac)x b+ac+adx
c+d x? c+d x?

3/2
dx

+

C C
biac+ad x> s A/d b b+ac+ d /d b
(b-ac) | 7‘1;12 *~ EllipticE[ArcTan| FX B rac} a+/c actadx® E1]1ipticF [ArcTan]| MC_"} s b+ac]
+
c (brac+adx? c (brac+adx?
\/—\/— (b+ac) (c+dx?) \/— (b+ac) (c+dx?)

Result (type 4, 348 leaves, 7 steps):
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c+d x?

xVbrac+tadx® [a+ 2= (b-ac)xVbrac+adx?
c+dx

b+a(c+dx2) C b+a(c+dx2)

(b-ac)Vb+ac+adx? EllipticE[ArcTan[%], b | avcbracradx? laJrCHlj’X2 EllipticF[Ar‘cTan[%], b ]

b+ac b+ac

+

cb+ac+adx cb+ac+adx
Ve +d 2 +/b+a c+dx2 Vd 2 «/b+a c+dx2
(b+ac) c+dx (b+ac) c+dx

Problem 341: Result valid but suboptimal antiderivative.

)3/2

(a+ 22
c X

*—dlx
X2

Optimal (type 4, 312leaves, 8steps):

2 2 2
b b+ac+adx (2b+ac)dx bracradx (2b+ac) <C+dX2) brac+adx
c+d x? c+d x? c+d x?

+
C X c? 2

c° X

(2b+ a C) \/_ M EllipticE [AI"CTBH[Q} , b } a \/_ M EllipticF [Ar‘cTan[Q} > e }

\E b+ac \E b+ac
n
c3/2 c (bractadx? \/7 c (bractadx?
(b+ac) (c+dx?) (b+ac) (c+dx?)

Result (type 4, 422 leaves, 8 steps):
bvb+ac+adx? la+c;’x2 (2b+ac)dxVb+ac+adx?
+

°—  (2b+ac) (c+dx?)Vbrac+adx?

c+d X

c+d x?

b+a (c+dx?) c2\[b+a (c+dx?) c¢2x+/b+a (c+dx?)

(2b+ac) vd Vbrac+adx?

b+ac

EllipticF [Ar‘cTan [ %] s L]
C

e b+ac

b d b d
32 | clbracada®) [ g (c+dx?) Ve c [bracradx] [y o (c+dx?)
(b+ac) <:+dx2 (b+ac) c+dx2

EllipticE[ArcTan[@], L] a+d+Vb+racradx?
+
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Problem 342: Result valid but suboptimal antiderivative.

)3/2

(a+ 22
c X

+7d1x
x4

Optimal (type 4, 388 leaves, 9 steps):

b | —b*ac:axfxz (8b+ac) d2x | —b*ac:ifxz (4b+ac) (c+dx2) f —b+ac:axzdx2 <8b+ac) d (c+dx2) f —b*ac:ifxz

- - + +
cx3 3¢3 3c2x3 3c3x
(8b+ac)d¥? braciadx® EllipticE[Ar‘cTan[l@], *~] a(4b+ac)d? bracradx EllipticF[Ar‘cTan[@], ool
c+d x? e b+ac c+d x? N b+ac
3 ¢5/2 c (brac+adx? 3 372 <b+ac) c (brac+adx?
(b+ac) (c+dx?) (b+ac) (c+dx?)

Result (type 4, 520 leaves, 9 steps):
bvb+ac+adx? (8b+ac)d’xVb+ac+adx?

(4b+ac> <c+dx2) Vb+ac+adx?

c+dx c+d x? c+d x?

cxy/b+a(c+dx?) 33 /b+a(c+dx?) 32 /b+a (c+dx?)

s " EllipticE[Ar‘cTan[%], b }

b+ac

(8b+ac)d(c+dx®)Vbracradx? [a+-—L— (8b+ac)d’2/brac+adx?
c+d x
+

3 2
33 x4/b+a(c+dx?) 352 | cloracsadi) /—b+a i d
(b+ac) c+dx2

a (4b+ac) d¥2+/b+ac+adx?

3¢32 (b+ac) |- clbracradx®) [y (c+dx?)
(b+ac) 1:+dx2

b+ac

> EllipticF[ArcTan[%], b

Problem 343: Result valid but suboptimal antiderivative.

)3/2

(a+ 22
A ede ) g
X6
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Optimal (type 4, 494 leaves, 10 steps):

2 2 2
b brac+adx? (16b2+16abc+a2c2)d3x brac+adx? (6b+ac) (c+dx2) brac+adx?
c+d x? c+d x? c+d x?

+ - +
c x° 5c4<b+ac) 5c2 x°
(8b+ac)d(c+dx2) /% (16b2+16abc+a2c2>d2(c+dx2) l%
5c3x3 ) 5c* (b+ac) x )
(1662 +16abc+a2 c2) d°/2 | bracads EllipticE[Ar‘cTan[%], -] a(8brac)de [becadd EllipticF[Ar‘cTan[%], ol
+
+ + 2 + + 2
572 (b+ac) (cb+ica)c(caj:|):(2) 52/ <b+ac) (cb+2(:a)c(ca+c(|1)§(z)

Result (type 4, 648 leaves, 10 steps):
bvb+ac+adx? o 16b2+16abc+a2c2)d3 xvVb+ac+adx?

c+d x?

6b+ac (c+dx2) Vb+ac+adx?

dx2 c+d x?

cx®y/b+a(c+dx?) 5c* (b+ac) b+a(c+dx2) 5c2x° /b+a (c+dx?)

(8b+ac) (c+dx2)\/b+ac+adx2 b 16b2+16abc+a2c2)d2<c+dx2)\/b+ac+adx2

c+d x? c+d x2

5c3 x3 b+a(c+dx2> 5c4<b+ac)x b+a(c+dx2)

(16b2+16abc+a2c2) d’’2+/b+ac+adx?

5c”2 (b+ac) < (bracradx®) \Jb+a (c+dx?)
(b+ac) c+dxZ

b+ac

EllipticE[Ar‘cTan[%], e ]
C

a(8b+ac)d’?vb+ac+adx?

5/2 c (brac+adx?) >
5c¢/2 (b+ac) e C+dx2 \Jb+a(c+dx?)

EllipticF[Ar‘cTan[%], b ]
c

b+ac
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Problem 344: Result valid but suboptimal antiderivative.

X5
— dx
b
a+ ———

A\ c+d x?

Optimal (type 3, 225leaves, 7 steps):

(5b2+12abc+8a*c?) (c+dx?) ,macc;iaxgxz (5b+8ac) <c+dx2)2\, b+acc;ifxz

- +

16 a3 d3 24 32 d3
x? <C+dx2)2 bracradx® 5 ) @
crdx? _b(Sb +12abc+8a%c?) ArcTanh| = ]
6 a d? 16 a7/2 d3

Result (type 3, 267 leaves, 9 steps):
(5b2+12abc+8a2c2) (b+a (c+dx2)> (5b+8ac> (c+dx?) (b+a (c+dx2))

16a3d3 [a+ > 242d3 [a+ —°
c+d x? c+d x?

b(5b2+12abc+8a2c?) \/b+a (c+dx?) ArcTanh[Lﬁ crdx ]
x? <C+dX2) (b+a (C+dX2>> b+a (C+dx2)

+

6ad® |a+ > 16 a’/2d3/c +dx? a+ 2
c+d x? c+d x?

Problem 345: Result valid but suboptimal antiderivative.

X3
— dx
b

a -+
A/ c+d x?

Optimal (type 3, 148leaves, 6 steps):

b+ac+adx?
b+ac+adx? 2 b+ dx? cidx?
(3b+4ac) (cedx?) [PE0RC (cedx?)? [ Bece b (3b+4ac) ArcTanh| J; ]

- + +

8 aZ d? 4 a d? 8 a%/2 d?

Result (type 3, 189 leaves, 8 steps):
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b(3b+4ac)/b+a(c+dx?) Ar‘cTanh[m}

(3b+4ac) (b+ra(c+dx?)) (c+dx?) (b+a(c+dx?)) \Jora (crdx?)
- + +
8a2d? [a+ bz 4ad*> [a~+ bz 8a%2d2\c+dx?
c+d x c+d x c+dx

Problem 347: Result valid but suboptimal antiderivative.

=

Optimal (type 3, 96 leaves, 6 steps):

c+d x?

b+ac+adx? b+ac+adx?

Ar‘cTanh[ ;’fz } \EAr‘cTanh[ ‘ e ]

a Vb+ac
\/? Vb+ac

Result (type 3, 184 leaves, 9 steps):
b+a (c+dx?) Ar‘cTanh[M] \EWAPCTanh[L\M]

A/ b+a (c+dx?) Ve 4/b+a (crdx?)
va Ve+dx? — vbrac Ve+dx? a+c;’Z
+d x? +d X

Problem 348: Result valid but suboptimal antiderivative.

1
—dx
3 [a+ —2—

c+d x?

Optimal (type 3, 108 leaves, 5steps):

brac+adx?
C d X2 brac+radx? crdx?
* ced x2 bd ArcTanh |
“brac

b+ac x2 2\/_(b+ac)3/2

Result (type 3, 148 leaves, 6 steps):



162 | 1 Algebraic functions.nb

bd./b+a (c+dx?) ArcTanh| Vbrac \Jerdx?

b+a(c+dx2) Ve \fbsa (cidx?)
2 (brac)x? [a+ b 2\/_(b+ac3/2\/c+dx2
c+d x? c+dx

Problem 349: Result valid but suboptimal antiderivative.

o=

Optimal (type 3, 177 leaves, 6 steps):

M 2 M \E b+aci+axsz
(b+4ac)d(c+dx2>m (C+dx2> \/? b(b+4ac> dZAr\CTanh[ b+a: }
8

c+d x?

N
c(brac)?x? 4c(brac)xt 8 c3/2 (b+ac)5/2

Result (type 3, 218 leaves, 7 steps):

b(brdac)d? /b+a(c+dx?) ArcTanh[-L2clcdx

Ve y/b+a (c+dx?)

(b+4ac)d(b+a(c+dx?)) ) (c+dx?) (b+a(c+dx?))

+

c(b+ac)2x2 a+ 2 4(:(b+ac)x4 asr—2 8c32 (b+ac) 5/2\/c+dx2

c+d x? c+d x?

c+d xZ

Problem 350: Result valid but suboptimal antiderivative.

X4
— dX
b

a+

c+d x?

Optimal (type 4, 443 leaves, 8steps):
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(4b+3ac)x (b+rac+adx?) (b+ac+adx?) (8b2+13abc+3a2c2)x(b+ac+adx2)
_ N _

2 2 2
15 a2 d2 b+rac+adx?® brac+adx?® 15 a3 d2 (C+dX2> biacsadx
c+d x? c+d x? c+d x?

Ve (8b?+13abc+3a2c?) (brac+adx?) EllipticE[Ar‘cTan[@], L] 2 (4b+3ac) (brac+adx?) EllipticF[ArcTan[@], —£—]

NS b+ac N b+ac
4
15 a3 ¢5/2 (C+dX2> b+ac+adx? c (bracradx?) 15 32 d5/2 (C+dX2> biacsadx? ¢ [braciadx?)
c+d x? (b+ac) (c+dx?) c+d x? (b+ac) (c+dx?)
Result (type 4, 498 leaves, 8 steps):
(4b+3ac)xx/b+ac+adx2 b+a(c+dx2)

- +

15a2d? [a+ —°

c+d x?

x>Vb+ac+adx? b+a(c+dx2) (8b2+13abc+3a2c2)X\/b+ac+adx2 b+a(c+dx2)

+ —

5ad [a+ —2 15a3d2(c+dx2> a+ —2
c+d x? c+d x2

\/?(8b2+13abc+3a2c2) Vb+ac+adx? \[b+a (c+dx?) EllipticE[Ar‘cTan[%}, b ]
C

b+ac
+
15 a3 d5/2 <C+dX2 c (brac+adx? b
(b+ac) (c+dx?) c+dx2
c*?2 (4b+3ac)Vb+ac+adx? /b+a (c+dx?) EllipticF[Ar‘cTan[@], e ]
NE b+ac
15a2d%2 (c+dx?) clbracradx?) [ b
(b+ac) c+dxZ c+d x?

Problem 351: Result valid but suboptimal antiderivative.

XZ
Jidx
a b

c+dx?

Optimal (type 4, 354 leaves, 7 steps):
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x(b+ac+adx2) (2b+ac)x(b+ac+adx2)

- +

2 2
3ad brac+adx 3a2d(c+dx2) b+ac+adx
c+d x? c+d x?

Ve (2b+ac) (b+ac+adx?) EllipticE[Ar‘cTan[%}, ] 32 (b+ac+adx?) EllipticF[Ar‘cTan[@],

c b+ac N b+ac

b

]

3 32 d3/2 (C+dX2> b+ac+adx? c (b+ac+adx?) 34432 <C+dX2) braciadx? ¢ [bracradx?)
c+d x? (b+ac) (c+dx?) c+d x? (b+ac) (c+dx?)
Result (type 4, 398 leaves, 7 steps):
xvVb+ac+adx? b+a(c+dx2> (2b+ac)xx/b+ac+adx2 b+a (c+dx?)

- +
3ad [a+ —2— 3a2d (c+dx?) [a+
c+d x c+d X
Ve (2b+ac)Vbrac+radx? ([b+a (c+dx?) ElllpthE[Ar‘cTan[%], bf;c]
3a2d*2 (c+dx?) \/—(—)—c bracradx’ a+ 2
b+ac) (c+dx? c+d x?
c¥2+\b+ac+adx? /b+a (c+dx?) EllipticF[ArcTan[@}, 2]
N b+ac
3ad®? (c+dx?) ¢ [bracradx’) a+
(b+ac) (c+dx?) c+d x?
Problem 352: Result valid but suboptimal antiderivative.
1
Jidx
3 b
c+dx?
Optimal (type 4, 286 leaves, 6 steps):
x (brac+ade) e (b+ac+adx?) EllipticE[Ar‘cTan[%], bic} 2 (b+rac+adx?) EllipticF[Ar‘cTan[l%},

- +

2 | bracradx? / 2 b+ac+adx? c (brac+adx?) e Py b+ac+adx?
a (C+dX ) c+d x? avd (C+dx ) \/ c+d x? \/ (b+ac) (C+dX2) (b+ac> ‘ (C+dx ) crdx?

Result (type 4, 319 leaves, 6 steps):

J c

(b+ac) (c+dx?)
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xvVbracradx \Jbracrdxt) Ve Vbracradx® \[bra(csdx?) EllipticE[Ar‘cTan[%},i]

+
b 2 c (bracradx? b
a(c+dx? a+ a+/d c+dx a+
( ) c+d x? (b+ac) (c+dx?) c+d x?

b+ac

c*2+yb+ac+adx? /b+a (c+dx?) ElliptlcF[ArcTan[%}, o]

<b+ac) C+dX2 Jc b+ac+adx?

b+ac) (c+dx?) c+d x2

Problem 353: Result valid but suboptimal antiderivative.

1
—dx
x2 [a+ —2—

c+d x?

Optimal (type 4, 343 leaves, 8steps):

b+ac+adx? dx (b+ac+adx?)
_ N _

(b+ac) X lib*aci;axfxz (b+ac) (c+dx2) l—b*ac:ifxz

Ve d (b+ac+adx2) EllipticE[Ar‘cTan[%}, i] Ve Ad (b+ac+adx2) EllipticF[Ar‘cTan[%], ﬁ]

4
(b+ac> (C+dX2> bracradx? c (brac+adx?) <b+ac) <C+dX2) braciadx? ¢ (bracradx?)
c+d x? (b+ac) (c+dx?) c+d x? (b+ac) (c+dx?)

Result (type 4, 387 leaves, 8steps):
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vb+ac+adx?® /b+a (c+dx2) dxvb+ac+adx? /b+a (c+dx2)
_ N _

b
c+d x?

(b+ac)x a+c+;’xZ (b+ac) (c+dx?) [a+

Ve Vd m\/mElllptlcE[Ar‘cTan[L], °_]
N b+ac
+
(b+ac) (c+dx?) ngac—adxt L b

a
b+rac) (c+dx? c+d x?

. L. /4 b
Ve vJd Vbrac+adx® /b+a (c+dx2) E111pt1cF[Ar‘cTan[ WX]’ b+ac}
(b+ac) (c+dx?) JJ—LC brac:adx a+ —2

b+ac) (c+dx? c+d x?

Problem 354: Result valid but suboptimal antiderivative.

o=

Optimal (type 4, 431 leaves, 8steps):

c+d x?

) brac+adx? 7<b—ac)d(b+ac+adx2)+ (b-ac)d®x (bracradx?)
3(brac)ye [Bracad 3c<b+ac)2x\/b*aci;? 3c(b+ac)2(c+dx2)\/t’+aci;¥
(b-ac)d*2 (brac+adx?) EllipticE[Ar‘cTan[%], ] ) avc d2 (b+ac+adx?) EllipticF[ArcTan[%}, ]
VT [beac)? fcraxt) [passes [chacsed 2(oac)? (coax) [Basees [cbacsen

Result (type 4, 486 leaves, 8 steps):
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Vvb+ac+adx? /b+a (c+dx2) (b—ac) dvb+ac+adx? /b+a (c+dx2)
N

3(b+rac)x® a+c+gx2 3c(b+ac)2x a+c+§x2

(b-ac)dx\Vbracradx® \/bra(crdx) (b-ac) d3/2mWEllipticE[Ar‘cTan[%], ]
3c(brac)’ (crdx?) [a+ 3\/?(b+ac)2(c+dx2)\/c(b+ac+adxz) \/a+ b

c+d x? (b+ac) (c+dx?) c+d x?

a+v/c d2+b+ac+adx? \Jb+a(c+dx?) EllipticF[Ar‘cTan[@}, b ]

NI b+ac
2
3(b+ac)2(c+dx2> c (brac+adx?) as b
(b+ac) (c+dx?) c+d x?

Problem 355: Result valid but suboptimal antiderivative.

x5
732d1x
2 o)’

c+d x?

Optimal (type 3, 310leaves, 8steps):

+ac+ 2 +ac+ 2
(brac)? (c-dx?)? (35b2+60abc+24a2c?) (c+dx?) /% (35b2+60abc+24a%c?) (c+dx?)? l%

- + - +

, 16 a* d? 24abd?
ab2d3 b+ac+adx
c+d x?
bracrads®
3 b+ac+adx? cdx?
(7b+12abcr6a’c?) (crdx?)” [HEEEHE p (35p2 ., 60abc+24a2 c2) ArcTanh| v
a

6a2b%d3 16 a%/2 d?

Result (type 3, 323 leaves, 10 steps):
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(b+ac)2(c+dx2)2 (35b2+60abc+24a2c2) (b+a(c+dx2)) (35b2+60abc+24a2c2) (c+dx2) (b+a(c+dx2)>

+

a2bd® [a+ 2 16a%d® [a+ 2 24a3bd® [a+ 2
c+d x? c+d x? c+d x?

b (35b2+60abc+24a%c?) \/mmcmnh{@]

(C+dx2)2 (b+a (C+dx2))

b+a (c+d x?)

6a2d3 [a+ —2
c+d x?

16a%2d3Vc+dx2 |a+ 32
c+d X

Problem 356: Result valid but suboptimal antiderivative.

X3
— dx
3/2
2+ o)
c+d x?

Optimal (type 3, 187 leaves, 7 steps):

b (b+ac)

(7b+4ac) (c+dx?)

b+ac+adx?
b+ac+radx? 2\ 2 b+ac+adx? )
N (crdx?)” | cod 3b (5b+4ac) ArcTanh | 2]
Va

R 8 a3 d?
a3 d2 brac+adx
c+d x?

Result (type 3, 242 leaves, 9steps):

i (b+ac) (c+dx2>2 3 (5b+4ac) (b+ra(c+dx?))

+ +
4 a2 d? 8a’/2d?

abd? [a+ —° 8atd? [a+ —°
c+d x? c+d x?

(5b+4ac) (c+dx?) (b+a(c+dx?))

+

3b(5b+4ac) /b+a(c+dx?) ArcTanh[m]

4a2bd? [a+ 2>
c+d x?

+

A/ bra (c+dx?)
8a”’/2d2/c+dx2 [a+ 2
c+dx?

Problem 358: Result valid but suboptimal antiderivative.

1
3/2 dx
x(a+ 2]

c+d x?

Optimal (type 3, 134 leaves, 7 steps):

+
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b:ac+adx? c b:ac+adx?

b ArcTanh | S | 2 ArcTanh| cdx ]
- + Va _ A\/b+ac

a <b+aC> brac+adx? a?'? (b+ac>3/2
c+d x?

Result (type 3, 214 leaves, 10 steps):

\Jb+a (c+dx?) Ar‘cTanh[ﬂ] c*2,/b+a (c+dx?) ArcTanh Lb*“““]
b b+a ( c+dx) \/7«/b+a c+d x?)

- +
a(b+ac> a+ —2 a’2+c+dx? (b+ac3/2\/c+dx2

c+d x? C+d x?

c+d x?

Problem 359: Result valid but suboptimal antiderivative.

1
dx
x3 (a+ b )3/2

c+d x?

Optimal (type 3, 146 leaves, 6 steps):

Jo [ bracead X2
c

Bb\/?dAr‘cTanh[ - el ]
A\ b+acC

btacradx? btacradx?® 2<b+ac)5/2
(b+ac) racs (b+ac) x? 8 s
c+d x? c+d x?

Result (type 3, 174 leaves, 7 steps):

c+dx?

3b+c dy/b+a(c+dx?) ArcTanh] Vbrac o crdx®
Ve o]

c+dx?

(b+ac) b (b+ac)x? b (b+ac5/2\/c+dx2

c+d x? c+dx

c+d x?

Problem 360: Result valid but suboptimal antiderivative.

1
dx
x° (a+ —b )3/2

c+d x?

Optimal (type 3, 212leaves, 7 steps):
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b+ac+adx? 2 biacradx? Nra b+a:+axsz
abd? (3b—4ac>d<c+dx2)@ (c+dx?) H 3b (b-4ac) d?ArcTanh| b+a: ]

(brac) [mocee 8 (brac)x 4fbrac) 8/c (beac)’

Result (type 3, 246 leaves, 8 steps):

3b(b-4ac)d® /b+a (c+dx?) ArcTanh| brac \Jcrdx?

Ve +/b+a (c+d x?)

3b b 4ac d? (b 4ac c+dx2 (c+dx2)

8¢ b+ac b 8c b+ac b 4c b+ac)x4 b 8\/7(b+ac)7/2\/c+dx2

c+d x? c+d x? c+d x? c+d x2

Problem 361: Result valid but suboptimal antiderivative.

N
732d1x
2 o)

c+d x?

Optimal (type 4, 482 leaves, 9 steps):

3

X c+dx2 (8b+ac b+ac+adx2) 6 x3 b+ac+adx2 16b2+16abc+a2 2)x(b+ac+adx2)

2
b+ac+adx? a3 d2 b+ac+adx? az d b+ac+adx? 5 a4 d2 (C +d XZ) brac+adx
c+d x? c+d x? c+d x? c+d x?

Ve (16b2+16abc+a’c?) (b+ac+adx?) EllipticE[ArcTan| Md_x}, . ac} c*2 (8b+ac) (brac+adx?) EllipticF[Ar‘cTan[Mj_"], ﬁ]
c + e N
4
5a%*d°/2 <C+dX2) bracradx’ ¢ [bracradx?) 5 a3 d5/2 (C+dX2> b+ac+adx? c (brac+adx?)
c+d x? (b+ac) (c+dx?) c+d x? (b+ac) (c+dx?)

Result (type 4, 559 leaves, 9steps):



x> (c+dx?) \/b+a (c+dx?) (8b+ac) xVb+ac+adx® (/b+a (c+dx?)
advVb+ac+adx?

+

5a3d2 [a+ —2
c+d x2 c+d x?

x3vVb+ac+adx? «/b+a(c+dx2) (16b2+16abc+a2c2)xx/b+ac+adx2 b+a(c+dx2>
+

5a2d [a+ —2 5a4d2(c+dx2) a+ —2
c+d x? c+d x?

b+ac

\/c_(16b2+16abc+a2c2) Vb+ac+adx® \[b+a (c+dx?) EllipticE[Ar‘cTan[%], b }Jr

5 a4 d5/2 C+dX2 \/c b+ac+adx?

b+ac) (c+dx?) c+d x2

c¥2(8b+ac)Vb+ac+adx? \/b+a (c+dx?) EllipticF[Ar‘cTan[%}, °_]
C

b+ac
5 33 d5/2 C+C|X2 c (bracradx? as+ b
(b+ac) (c+dx?) c+d x?

Problem 362: Result valid but suboptimal antiderivative.

X2
—32dlx
=i

c+d x?

Optimal (type 4, 409 leaves, 8steps):

x (c+dx?) (b+ac+adx?) (8b+ac)x(b+rac+adx?)

2 2
b+ac+adx® 3a2d b+ac+adx® 3a3d C+dX2> brac+adx
c+d x? c+d x? c+d x?

+

1 Algebraic functions.nb

Ve (8b+ac) (brac+adx?) EllipticE[Ar‘cTan[@}, °~] 2 (ab+ac) (brac+adx?) EllipticF[Ar‘cTan[%], ]

N9 b+ac

b+ac

3 a3d3/? (c+dx2> bracradx’ ¢ [bracradx’) 3 a2 (b+ac> d3/2 (c+dx2)
c+d x? (b+ac) (c+dx?)

Result (type 4, 475 leaves, 8steps):

bractadx?

c (b+ac+adx?)

b+ac) (c+dx?)

| 171
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x(c+dx2)«/b+a(c+dx2) xVb+ac+adx® (/b+a (c+dx?)

advVb+ac+adx?

3a%d

c+d x? c+d x2

(8b+ac) x xV/bracsadx? /b+a c+dx) \ﬁ (8b+ac)Vb+rac+adx? \[b+a (c+dx?) E111pt1cE[ArcTan[%],bf’ac]

b d x?
3a%d (c+dx?) [a+ b 32332 (c+d ) clbracradx®) [ b
c+d x? (b+ac) (c+dx?) c+dx?

c¥? (4b+ac)Vb+rac+adx? [b+a (c+dx?) EllipticF[Ar‘cTan[%}, ﬁ}
C +

c (bracradx?) b
3a? (b+ac> d*2 <C+dX2) \/ (b+ac) (c+dx?) \/a+ c+d x?

Problem 363: Result valid but suboptimal antiderivative.

1
3/2 ax
)

c+d x?

Optimal (type 4, 356 leaves, 7 steps):
b x (2b+ac) x (b+ac+adx?)

— + —

a (b+ac) | 7“‘1;1?"2 a2 (b+ac) <c+dx2) | 71’*3;;13’(2

\/?(2b+ac) (b+ac+adx?) EllipticE[Ar‘cTan[@}, b | 2 (brac+adx?) EllipticF[Ar‘cTan[@], b ]

NI b+ac e b+ac

4
2 [ 2 b+ac+ad x? c (b+a c+adx2) / 2 b+ac+adx? c (b+a c+adx2)
<b+ac) d <C+dX ) \/ c+d x? \/ (b+ac) (c+dx?) a <b+ac> d (C +dx ) c+d x? (b+ac) (c+dx?)

Result (type 4, 411 leaves, 7 steps):
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b x b+a(c+dx2 (2b+ac)xx/b+ac+adx2 b+a(c+dx2)

a(brac)vb+ac+adx?

a’ (b+ac) (c+dx?) |a+ b

c+d xZ

Ve (2b+ac)Vbrac+adx? \[b+a (c+dx?) EllipticE[ArcTan[%], b ]+

b+ac
b d x?
az(b+ac> c+dx2 c(bracradx?) [ _b
(b+ac) c+dx2 c+d x?
c*2+/b+ac+adx? \/b+a (c+dx?) EllipticF[Ar‘cTan[@}, b ]
\Jc b+ac
a (b+ac) (c+dx?) < (bracvadx®) -
(b+ac) c+dx2 c+d x?

Problem 364: Result valid but suboptimal antiderivative.

1
dx
x2 (a+ b )3/2

c+d x?

Optimal (type4 410 leaves, 8steps)'

—ac b+ac+adx2 —ac)dx(b+ac+adx2)

2 2 2
b+ac b+acradx® b+ac b+acradx® b+ac <C+dX2) brac+radx
c+d x? c+d x? c+d x?

Ve (b-ac) \d (b+ac+adx?) EllipticE[Ar‘cTan[%}, b:’ac] c3/2+/d (b+ac+adx?) EllipticF[Ar‘cTan[%], i}
+

2 2
a(b+ac)2(c+dx2> bracradx? c (brac+adx?) (b+ac)2(c+dx2> biacsadx? c (bracsadx?)
c+d x? (b+ac) (C+dx2) c+d x? (b+ac) (C+dX2)

Result (type 4, 476 leaves, 8 steps):

+
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b b+a(c+dx2 —ac)\/b+ac+adx2 b+a(c+dx2)

a(brac)xVb+ac+adx?

a(b+rac)?x a+c+;’x2

c+d x2

(bfac)dXﬂ/b+ac+adx2 /b+a(c+dx2) \E(b—ac)\/?\/b+ac+adx2 «/b+a<c+dx2) EllipticE[ArcTan[%], ﬁ]
+

N
2 b 2 c (brac+adx?) b
a(b+ac) (C+dX2> a+c+dx2 a(b+ac) (C+dx2)J(b+ac) (c+dx2) \/a_*—mdx2
.. J/d b
c32+/d Vbracradx® /b+a (c+dx2> ElllpthF[Ar‘cTan[ FX}’ b+ac]
(b+ac (c+dx?) < (bracvadx) g
(b+ac) c+dx2 c+d x?

Problem 365: Result valid but suboptimal antiderivative.

1
dx
x* (a+ b )3/2

c+d x?

Optimal (type4 490 leaves, 9steps):
3b—ac> b+ac+adx2 7b—ac)d(b+ac+adx2) (7b—ac)d2x(b+ac+adx2>
+
c) (

2 2 2
b+ac X3 brac+adx? 33 b+ac b+acradx® b+a X b+ac+adx 3 b+ac)3(c+dx2> b+rac+adx
c+d x? c+d x? c+d x? c+d x?

Ve (7b-ac)d¥? (brac+adx?) E111pt1cE[Ar‘cTan[@], ] Ve (3b-ac)d¥? (b+ac+adx?) EllipticF[Ar‘cTan[@}, —]

e b+ac NI b+ac

T
+ + 2 . 2

3(b+ac>3<c+dxz) bracradx? c (bracradx?) 3(b+ac)3(c+dx2) bracsadx? c (bracsadx?)
c+d x? (b+ac) (c+dx?) c+d x? (b+ac) (c+dx?)

Result (type 4, 567 leaves, 9 steps):
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b«/b+a(c+dx2) 3b—ac)\/b+ac+adx2«/b+a<c+dx2) (7b—ac)d\/b+ac+adx2«/b+a(c+dx2)
- +

a(brac)xvVb+ac+adx?

a(b+ac)2x3 a+ 2 3(b+ac)3x a+ —2

c+d x2 c+dx? c+d x?

(7b—ac>d2x4/b+ac+adx2 ’b+a(c+dx2> \E(7b7ac)d3/2\/b+ac+adx2 \Jb+a (c+dx?) EllipticE[Ar‘cTan[%], b+bac]
- +

b d x?
3(b+ac)3(c+dx2) a+ 2 <b+ac c+dx2 clbracradx) [, b
c+d x? (b+ac) (c+dx?) c+d x?

b+ac}

\/7(3b—ac>d3/2\/b+ac+adx2 /b+a c+dx2 E111pt1cF[Ar‘cTan[%},

(b+ac C+dX2 \/c b+ac+adx?

b+ac) (c+dx?) c+d x?

Problem 396: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
J[ ax2n . 2x"/ax2"
V1+x" (2+n)\/1+x”

Optimal (type 3, 34 leaves, ? steps):
2x3"axZn /14 x"

2+n

Result (type 5, 80 leaves, 5 steps):
xax2n Hyper‘geometr‘icZFl[ 1+2%,2+%, -x"]  2x¥"+/ax?" Hypergeometric2F1| %, 2,1+, -xn]
n n n

n
+
1l+n 2+n

Problem 616: Unable to integrate problem.

1
J—Z(a+bx+cx2)m (d+ex+fx*+gx®)" (-ad+ (bdm+aen) x+ (cd+be+af+2cdm+bem+ben+2afn) x*+
X

(2ce+2bf+2ag+2cem+bfm+cen+2bfn+3agn)x’+ (3cf+3bg+2cfm+bgm+2cfn+3bgn)x*+cg(4+2m+3n)x°) dx
Optimal (type 3, 37 leaves, ? steps):

(a+bx+cx2)1”" (d+ex+fx2+gx3)1+"

X
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Result (type 8, 306 leaves, 2 steps):
(c(d+2dm) +be (1+m+n)+af (1+2n)) CannotIntegrate| (a+bx+cx?)" (d+ex+fx>+gx’)", x| -

a+bx+cx?)" (drex+fx2+gx3)" a+bx+cx?)" (drex+fx2+gx3)"

ad CannotIntegrate| , x| + (bdm+aen) CannotIntegrate| » X] +

X2

(ce(2+2m+n) +bf (2+m+2n) +ag (2+3n)) CannotIntegrate[x (a+bx+cx?)" (d+ex+fx*+gx®)", x| +
(cf(3+2m+2n) +bg (3+m+3n)) CannotIntegrate|[x® (a+bx+cx?)" (d+ex+fx>+gx?)", x| +
cg (4+2m+3n) CannotIntegrate[x® (a+bx+cx?)" (d+ex+fx2+gx’)", x|

X

Problem 617: Unable to integrate problem.

J%(a+bx+cx2)m (d+ex+fx*+gx*)" (-2ad+ (-bd-ae+bdm+aen) x+ (2cdm+bem+ben+2afn) x>+
X
(ce+bf+ag+2cem+bfm+cen+2bfn+3agn)x’+ (2cf+2bg+2cfm+bgm+2cfn+3bgn)x*+cg(3+2m+3n)x>) dx

Optimal (type 3, 37 leaves, ? steps):

1+m 1+n

a+bx+cx? d+ex+fx2+gx3
( )" )

x2

Result (type 8, 305 leaves, 2 steps):
(ce(1+2m+n) +bf (1+m+2n) +ag (1+3n)) CannotIntegrate| (a+bx+cx?)" (d+ex+Ffx>+gx’)", x| -

(a+bx+cx?)" (d+ex+fx?2+gx3)"

2 adCannotIntegrate| ; , X -
X

(a+bx+cx?)" (dvex+fx2+gx3)"

(bd (1-m) +ae (1-n)) CannotIntegrate| » X]

x2

(a+bx+cx2>m <d+ex+fx2+gx3>”

(2cdm+2afn+be (m+n)) CannotIntegrate| , X+

X
(2cf (1+m+n)+bg (2+m+3n)) CannotIntegrate|x (a+bx+cx?)" (d+ex+Ffx2+gx’)", x| +

cg (3+2m+3n) CannotIntegrate[x* (a+bx+cx*)" (d+ex+fx>+gx’)", x|

Problem 852: Result valid but suboptimal antiderivative.

1
dx
-1+x2

Optimal (type 3, 25leaves, 2 steps):
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—_ 2 1 i
1-x ArcSin[x]

-1+x2

Result (type 3, 33 leaves, 3 steps):

1 X
7/ -1+x? ArcTanh| —
e VT e

Problem 853: Result valid but suboptimal antiderivative.

1+ x2
dx
J\ ~1+x*
Optimal (type 3, 25leaves, 3 steps):

— 2 1 1
1-x ArcSin[x]

-1+x2

Result (type 3, 33 leaves, 4 steps):

1 X
7/ -1+x?> ArcTanh| ———
-1+x? ' [\/—1+X2]

Problem 941: Result unnecessarily involves higher level functions.

J[(l—x6)2/3+ 2=

X

dx

Optimal (type 2, 35leaves, ? steps):

1-_ 6\2/3
_( X5> +£X(1—X6>2/3
5x 5

Result (type 5, 36 leaves, 3 steps):

HypergeometricZFl[— i, —%, i, x6] 2
- + X Hypergeometric2F1 [— -
3

5 x>
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Problem 995: Unable to integrate problem.
J\\/l—x2+xﬂ—1+x2 dx

Optimal (type 3, 63 leaves, ? steps):

3ArcSin|x -+ -1+ x?
Z3x+q/-1+%2 \/1x2+x “1+x® o+ [ }
4 4~2

Result (type 8, 24 leaves, 0steps):

CannotIntegrate [Jl -x2exA/-1+x% , x|

Problem 996: Unable to integrate problem.
J\/ X+\/—\/1+X

1+X

Optimal (type 3, 66 leaves, ? steps):

3Ar‘cSin[\/——\/1+x]
22

%(J?+3VTT?)J7X+JIVTT§’7

Result (type 8, 31 leaves, 1 step):

Jox X Tix
V1+Xx

CannotIntegrate| » X]
Problem 997: Result valid but suboptimal antiderivative.

j X+2V1+x?
X+x3+V1+x2

Optimal (type 3, 78leaves, ? steps):
X + \/ 1+ x?

Result (type 3, 319leaves, 25 steps):

dx

2 (145 ArcTan [/ -2+ /5 |+ [2(-1++/5]) ArcTanh G

x+\/1+x )
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ArcTan| 2 1 +/5 ) ArcTan| 2 ArcTan| 1+x2
5(1+v?) 1+r LvE _1+4/5
2 2 2 2
Z(-1++/5 ArcTan | / \J1+x* | -2 | ————— ArcTanh]| x] +
5( ) -1++/5 5(—1+\/?) ~1+4/5

(—1+\/?) Ar‘cTanh[\/ 2 x} \I 2 Ar‘cTanh[ 2 A/ 1+ x? ] +

—1++4/5 5(1“@) 1+4/5

=
Q‘H
[N

++/5 ) ArcTan 2 +x?
2 S)AcTah[flJr\Ex/l ]

Problem 1016: Result valid but suboptimal antiderivative.

1
J dx
X <3+3X+X2> (3+3X+3X2+X3)1/3
Optimal (type 3, 90leaves, 3 steps):
1.2 313 (1+x)
2. (14x)3) " 1/3
Ar‘CTan[ Nes ] Log[l— (1+X)3] Log[31/3 (1+X) - (2+ (1+X>3) }
N 35/6 N 6 31/3 " 2 31/3
Result (type 3, 123 leaves, 9 steps):
Ar‘cTan[i N 2 (14x) } Log[l— 313 (1.x) ] Log[1+ 373 (14x)2 . 313 (1+x) ]
V3 36 (24 (14x) 7)Y (2+(14x)2) 2/ (2+(2ex)2) 72 (24 (14x)2) 2
- 35/6 " 3 31/3 N 6 31/3

Problem 1017: Unable to integrate problem.

J 1-x dx
(1—x+x2) (1—x3)2/3

Optimal (type 3, 103 leaves, ? steps):
1- 2213 (1-x)

\/—Ar‘cTan[—\l/(—ﬁJL}

Log[1+2 (1-x)?-x3] 3Log[2V3 (1-x) + (1-x3)"?]
22/3 - 2 . 22/3 ’ 2 . 22/3

Result (type 8, 103 leaves, 5 steps):
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1

- (1+ 1 \/?) CannotIntegr‘ate[ ) x] -
(—1—1’1\/?+2x) (1-x3)23
. 1 . 1 2 4
(1— 1 \/?) CannotIntegr‘ate[ ) x] —xHyper‘geometr‘1c2F1[f, —5 —» X ]
(—1+Ji\/?+2x) (1-x3)23 33 3

Problem 1018: Result unnecessarily involves imaginary or complex numbers.

X2
dx
J\/1+X4 <1+X4)

Optimal (type 3, 49leaves, ? steps):

1 1+x2 1 1-x2
—fAr‘cTan[i} - fAr'cTanh[i]
4 xV-1+x4 4 xV-1+x4
Result (type 3, 47 leaves, 9steps):
(1 + ]'1) X (1 + ]'1) X

[— 1 - E] Ar'cTan[

1 1
+ (*Jr f) Ar‘cTanh[
8 8

ik 88 N

Problem 1023: Unable to integrate problem.

J(1+x+x2+x3)’n (1—x4)"d1x

Optimal (type 3, 34 leaves, ? steps):

(1-x) (2exexex) " (1 x)"

1+n

Result (type 8, 25leaves, 0steps):

CannotIntegrate| (1+x+x*+x?)™" (1-x*)", x|
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Summary of Integration Test Results

26125 integration problems

A - 25822 optimal antiderivatives

B - 164 valid but suboptimal antiderivatives

C - 116 unnecessarily complex antiderivatives
D - 23 unable to integrate problems

E - 0 integration timeouts

F - O invalid antiderivatives



